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ON (o,7)-DERIVATIONS OF PRIME RINGS

K. Kaya*, E. GUVEN** AND M. SOYTURK™*

ABSTRACT. Let R be a prime ring with characteristics not 2 and o, 7, o, 8 be auto-
morphisms of R. Suppose that d; is a (o, 7)-derivation and d2 is a (e, 8)-derivation
on R such that daa = ads,d28 = Bdz. In this note it is shown that; (1) If
did2(R) = O then d1 = 0 or d2 = 0. (2) If [d1(R), d2(R)] = 0 then R is commutative.
(3) If(d1(R),d2(R)) = 0 then R is commutative. (4) If [d1(R), d2(R)]s,- = O then
R is commutative.

1. INTRODUCTION

Throughout, R will be a prime ring with characteristic not 2 and o,7,a,0 be
automorphisms of R. For any z,y € R, set [z,y]s, = zo(y) — 7(y)z and (z,y) =
zy + yz, (2,Y)or = zo(y) + 7(y)z. An additive mapping d : R — R is called a
(o, 7)-derivation if d(zy) = d(z)o(y) + 7(x)d(y) for all z, y € R. We shall use the
following identities.

(A) : [zy, 2], = 2ly, 2o, + [2,7(2)]y = zly, 0(2)] + [z, 207y

(B) : [x’yz]o‘,.— = T(y)[x’Z]U,T + [x,y]a(z)

(C): (24, 2)or = 3y, 2)or — [3,7(2))y = 2ly, 0(2)] + (2, 2)osry

Let d be a (a, 8)-derivation such that do = ad, dB = fd and [d(z), d(y)] = 0 for
all z,y € R. In this case the commutativity of R was proved by J. C. Chang in (3,
Theorem 2(i)]. We generalize this result in Theorem 2 and Theorem 4.

In [1], Ashraf and Rehman proved that, if d; and dy are two (o, 7)—derivations
of R such that dyo = ady, diy7 = 7d;, deo = oda, dp7 = 7dy and dydy(R) = 0 then
di =0o0rdy=0.

In this paper we generalized the preceding result as follows: Let di be a (o, 7)-
derivation and ds a (a, 3)-derivation such that dea = ads,doff = Bds. If did2(R) =
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0 then di = 0 or do = 0. On the other hand, we gave some results about the

commutativity of prime rings with derivations.

2. RESULTS

Lemma 1 and Lemma 2 can be found in [2].

Lemma 1. Let d be a nonzero (o, 7)-derivation of R and U a right ideal of R. If
d(U) C Z then R is commutative.

Lemma 2. Let d be a (o,7)-derwation of R and U, a nonzero ideal of R. If a
d(U) =0 (or d(U)a=0) thena=0 ord=0.

We begin with the following lemmas.

Lemma 3. Let 0 # dy : R — R be a (0,7)-derivation and 0 # ds : R — R an
(o, B)-derivation. If dydo(R) = 0 then,

(i) dof'a+af tdy = 0 = dpa™! B+ o ldy,

(ii) dga—ldz =0= dgﬁ_ldg.
Proof. For any z,y € R we have

0 = dida(zy)
= di(d2(z)a(y) + B(z)d2(y))

= dida(z)o(a(y)) + Tda(z)dr (a(y))
+ di(B(z))o(da2(y)) + 78(z)drda(y)
and so, .
(2.1) rdy(z)di(a(y)) + di(B(z))o(d2(y)) =0, for all z, y € R.

Now replacing = by S~ 1da(z) in (2.1), we get (1d28"1da(z))(d1a(y)) =0, for all
z,y € R. Since a is onto, if we use Lemma 2, the above relation yields 7d 8~ 1dz(z) =

0 or dy = 0. Since 7 is an automorphism and d; # 0 we get

(2.2) doftdy(z) = 0, for all z € R.
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On the other hand, for any z,y € R we have

0 = dy8™ ' da(zy)
= dy87 (da(2)ar(y) + B(w)da ()
= da(8™ da(2) (67 ) (y) + z(B da(y)))
= (d2f ™ da(2)) (@B~ a(y)) + da(z)(d2B™ x(y))
+da(z)(af ™ da(y)) + B(z)(def ™" da(y))
= da(x)(d2f ™ a(y)) + da(z) (0B da(y))
and so
(2.3) do(R)(dpB e+ af ™ dy)(y) = 0, for all y € R.
From (2.3) and Lemma 2 we have (d23 'a+ a8 ds)(y) = 0, for all y € R. Now
replacing y by o ldy(y) in the last relation and using (2.2) we get,
(2.4) dya"tdy(y) = 0, for ally € R.
Using (2.4), for any z, y € R,
0 = dpa'dy(zy)
= dz(a” da(a)y + (7' B(2)) (@ d2(y))
= (Ba™ da(2))da(y) + (d2a™ ' B(z))da(y)
is obtained. And so, |
(Ba™tdp + daa™" B)(z)dz2(y) = O,
for all z,y € R. Using Lemma 2 in the preceding relation we obtain
Ba~ldy + dya™ 18 = 0.
d
Lemma 4. Let d; be a (o, 1)-derivation and ds an («, B)-derivation on R such that
doa = ady and daf3 = Bds. If dyd2(R) =0 then dy =0 or dy = 0.
Proof. For any z,y € R we have
0 = didz(zy)
= dy(d3(@)a(y) + B(2)da(v))
= didy(z)(0aly)) + da(z)d1(a(y))
+ di(B(z))(0d2(y)) + B(z)drda(y)
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= da(z)di(a(y)) + d18(z)(0d2(y))-

That is,

(2.5) dy(x)dr(a(y)) + diB(z)(0d2(y)) = 0, for all z,y € R.

Replacing y by da(y) and using that dya = ady in (2.5), we get di(R)od3(R) = 0.
Since R is prime d; = 0 or d3(R) = 0 is obtained by Lemma 2. If d3(R) = 0, then
for any z, y € R,

d3(zy)
= dy(da(z)a(y) + B(z)d2(y))
= (Bda(z))d2(a(y)) + (d2B(2))a(d2(y))

is obtained. That is, (d2f(x))(ady(y)) = 0, for all z, y € R. Since R is prime and
B, a onto we obtain dy = 0 by Lemma 2. 0

Lemma 5. Let dy be a (1,7)—derivation and d2 an («, B)—derivation on R such
that doar = ady and dof3 = Bdy. If dldg(R) =0 thend; =0 ordy =0.

Proof. Now,
0 = d1dy(zy)
= di(da(2)a(y) + B(z)d2(y))
= (rda(z))dr ((y)) + dr(B(x))d2 (v),

for all z, y € R. Replacing y by da(y) and using that daa = ady in the above
relation we have dy(8(x))d3(y) = 0, for all z, y € R. That is, di1(R))d3(R) = 0.
If we consider Lemma 2 and the last relation, we obtain d; = 0 or d3(R) = 0. If
d3(R) = 0, then we proved that d; = 0 in the proof of Lemma 4. O

Theorem 1. Let dy be a (o, 7)—derivation and dy an (o, 8)-derivation on R such
that d2a = Ozdg, dQﬁ = ﬂdg. If dldg(R) =0 then d1 =0 or dz =0.

Proof. If we use Lemma 3 we obtain, d; = 0 or defB~'dy = 0. Suppose that
dyB7ldy = 0. Since dof! : R — R is an (af~!,1)—derivation, and then
dy8~ldy = 0 implies that dy = 0 or daB3~! = 0, by Lemma 4 and so d2 = 0 is

obtained for two case. a

Lemma 6. Let dy be a (o, 7)~derivation and da an (o, §)-derivation on R such that
dya = ady, dyff = Bdy. If dio~da(R) =0 then dy =0 or dz = 0.
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Proof. dijo™' : R — R is a (1,70~ !)- derivation. Thus, (dyc7!)d2(R) = 0 implies
that dyjo~! = 0 or dy = 0 by Lemma 5. That is, d; = 0 or dy = 0. O
Theorem 2. Let 0 # d; : R — R be a (0,7)-derivation and 0 # dy : R — R an
(e, B)-derivation such that daa = ads, daff = Bds. If [di(R),d2(R)] = 0 then R is

commutative.

Proof. For any z,y,z € R we have
0 = [di(z2), da(y)]
= [di(z)o(2) + 7(2)dr(2), da(y)]
= di(z)[o(2), da(y)] + [d1(z), d2(y)]o(2)
+7(z)[di (2 ) da(y)] + [7(2), da(y)ld1(2).
That is,
(2.6) dy(z)[o(2), da(y)] + [7(2), d2(y)]di(z) = O, for all z, y, z € R.
If we take 77 dy(y) instead of z in (2.6) and use hypothesis, we get
(2.7) dim "y (y)|o(2),da(y)] = 0, for all y,z € R.
Replacing z by 2t, t € R in (2.7) and using primeness of R we have [0(z2),d2(y)] =
0, for all z € R or dy7~'da(y) = 0. That is, for any y € R we have
(2.8) do(y) € Z or dy7 Ldy(y) = 0.
Set K ={y € R1dxy) € Z}and L = {y € R | di7'd2(y) = 0}. K and
L are additive groups and R = K U L. Let us consider the Brauer’s trick. If
di771d2(R) = 0 then d; = 0 or d3 = 0 by Lemma 4. Because d;7"!: R — Ris a

(o771, 1)-derivation. Since d; # 0 and dy # 0 we obtain da(R) C Z, from the (2.8).
If do(R) C Z then R is commutative by Lemma 1. O

Theorem 3. Let 0 #d; : R — R be a (0, 7)-derivation and 0 #dy : R— R an
(o, B)-derivation such that dya = ady and d23 = Bdy. If (di(R), d2(R)) = 0 then R
s commutative.

Proof. 0=(di(zy), d2(2))=(d1(z)a(y) + 7(x)d1(y), d2(2)), for all z, y, 2 € R. If we
use the identity (C) in the above relation we have

0= di(z)[o(y), d2(2)] + (di(2), d2(2))a(y) + 7(z)(d1(y), d2(2)) — [7(2), d2(2)]d1 (y)

and so

(2.9) di(z)[o(y), d2(2)] — [7(x),d2(2)]d1(y) =0, for all z, y, z € R.
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Replacing y by 07 1dy(2) in (2.9),
(2.10) [7(z),dy(2)]dio1da(2z) = 0, forall z, z€ R

is obtained. If we take zy, y € R instead of z in (2.10) and use primeness of R
we get [1(z),d2(2)] =0, for all z € R or dyo~'dy(2) = 0. That is, for any z € R,
do(2) € Z or dio~1da(2) = 0.

Considering Brauer’s trick we have d2(R) C Z or djo~1d2(R) = 0. If we consider
that dy # 0 and dy # 0, then dyo~'dy(R) # 0 is obtained by Lemma 6. Thus we
have do(R) C Z. This implies that R is commutative by Lemma 1. O

Theorem 4. Let di and dy be as in the theorem-3. If [di(R),d2(R)]s, =0 then R

1S commutative.

Proof. 0 = [d\(zy), da(2)]s,, = [d1(x)o(y) + 7(z)d1(y), d2(2)]s,+, for all z, y, z € R,
is obtained. If we use identity (A) and hypothesis we have '

di(z)lo(y), oda(2)] + [7(z), T7d2(2)]d1(y) =0, for all z, y, z € R.
Replacing y by da(z) in the above relation we get
(2.11) [T{x), Td2(2)]d1da(2) = 0, for all z,z € R.

If we take zy instead of z in (2.11) we obtain [7(x), 7d2(2)] =0, for all z € R or
did2(z) = 0. This implies that, for any z € R, dy(2) € Z or dyda(z) =0

Considering Brauer’s trick we have, da(R) C Z or did2(R) = 0. If do(R) C Z
then R is commutative by Lemma 2. If djdy(R) = 0 then dy = 0 or do = 0 by
Theorem 1. Since dj # 0 and dy # 0 we obtain that R is commutative. - O
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