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ON THE STABILITY OF A GENERALIZED ADDITIVE
FUNCTIONAL EQUATION II

JUNG-RYE LEE*, TAE-KEUG LEE** AND DONG-YUN SHIN***

ABSTRACT. For an odd mapping, we study a generalized additive functional equa-
tion in Banach spaces and Banach modules over a C*-algebra. And we obtain
generalized solutions of a generalized additive functional equation and so generalize
the Cauchy-Rassias stability.

1. INTRODUCTION

In 1940 S.M. Ulam (13] raised the stability problem: “Give conditions in order
for a linear mapping near an approximately linear mapping to exist”. In 1941
D.H. Hyers [4] solved this stability problem in real Banach spaces and a number
of mathematicians obtained substantial generalizations concerning the stability of
functional equations [1,11,12]. The following theorem which is called the Cauchy—
Rassias stability is a generalized solution to the stability problem:

Theorem A. For two real Banach spaces XY, let f: X — Y be a mapping such
that f(tz) is continuous in ¢ € R for each fixed z € X. Assume that there exist
constants 8 > 0 and p > 0 with p # 1 such that

f(z +y) = f(z) = FW)II < 6(lI=liP + |lyli?)

for all x,y € X. Then there exists a unique R-linear mapping L : X — Y satisfying

1£(@) - L) < |—2f—j‘f2—|nmup

forall z ¢ X.
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Actually, the above Cauchy-Rassias stability in real Banach spaces was obtained
by D. H. Hyers [4] for the case p = 0, by Th. M. Rassias [11] for the case p € (0, 1),
and by Z. Gajda [1] for the case p > 1. In particular, Th. M. Rassias and P. Semrl
[12] gave an example to show that it does not occur for the case p = 1.

Furthermore, P. Givruta [2] obtained a generalization of Theroem A :

For an abelian group G and a Banach space Y, let f : G — Y be a mapping.
Assume that there exists a function ¢ : G x G — [0, 00) such that

o0
Gx,y) = 279p(2z,2y) < oo,
j=o

1f(x+y) = flz) - FW)Il < o(2,y)
for all 2,y € G. Then there exists a unique additive mapping L : G — Y satisfying

1£@) - L)) < 53(z,2)
for all z € G.

C. Park studied the Cauchy—Rassias stability in Banach modules over a C*-
algebra in [3,7,8,9,10]. J. Lee and D. Shin [6] also investigated the Cauchy-Rassias
stability in Banach spaces and Banach modules over a C*-algebra and so obtained
generalizations of it.

Throughout this paper, we assume that r is a positive rational number and that
d,l are integers with 1 < [ < %. We let k& be a positive integer and m a positive
integer with m < d and we note that ;C) := lT(Ti‘il‘l)_'

Let X and Y be Banach spaces and f : X — Y an odd mapping. The main
purpose of this paper is to solve the following functional equation which is called a
generalized additive functional equation in Banach spaces

- r
«i)=0,1
=4 )=t
d
(L.1) =(a-1C1 =41 Cio1 + 1) Y f(=)
=1
for all z1,...,2z4 € X. The solution of the functional equation (1.1) is called a

generalized additive mapping.
In [6] we obtained generalizations of the Cauchy-Rassias stability of (1.1). Es-
pecially, for the cases r > kand p > 1, or 7 < k and 0 < p < 1 we obtained the
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Cauchy-Rassias stability of (1.1) in [6]. In this paper, we obtain another general-
izations of the Cauchy-Rassias stability of (1.1) and the Cauchy-Rassias stability
for another cases r < k and p > 1, or r > k and 0 < p < 1. For our proof, in [6] we
assumed the existence of a function ¢ : X¢ — [0, 00) satisfying

~ i (K kI

¢(3]1,...,:L'd) = <——..’I)1,...,ﬁ$d) < o0,

_j—Oﬁ T

but in this paper we assume the existence of a function ¢ : X¢ — [0, 00) satisfying
o i ) .
- k’L T.’L 7.7.
(P(ZL‘]_, cee ,:Bd) = ; F(p (7‘;{1‘1, ceey E(Ed) < 00.
Furthermore, we consider a non-negative integer s with s < g and generalize the
Cauchy-Rassias stability of (1.1) :
For an odd mapping f : X — Y, if there exist a function ¢ : X¢ — [0,00) and a
constant o > 0 satisfying certain conditions and

I (A=2a) - (- 295

r

<ap(z,...,z, 0,...,0)
——— S —
m times d— m times
for all x € X, then there exists a unique generalized additive mapping L : X — Y

such that
o

k—2s

If(z) - Lz)| < ¢@ ..z, 0,...,0)

m times d ~ m times

for all z € X.

On the other hand, we investigate the Cauchy-Rassias stability of a generalized
additive functional equation in Banach modules over a unital C*-algebra. Let A be
a unital C*-algebra with unitary group #(A) and X and Y left Banach modules over
A. We consider an odd mapping f : X — Y and the following generalized additive
functional equation in Banach modules over A

(Em) 5 (et

«(3)=0,1
T, )=t

d
(1.2) = (421G —a-1 Gy +1) Y _uf(z))

Jj=1
for all w € U(A) and all z,,...,24 € X.
In fact, Park [9,10] obtained results for several special cases in (1.2) and we

obtained generalized solutions of (1.2) in [6]. In this paper, we obtain another
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generalizations of the Cauchy-Rassias stability of (1.2) which contain C. Park’s
results.

2. GENERALIZED ADDITIVE MAPPINGS IN BANACH SPACES

In this section, let X and Y be Banach spaces. For a given mapping f: X —» Y,
we define D f by the following :

. T 4 (—1))g;
Df($1,---,xd):=rf<;’—:l—1—)+ > rf(é&l.%&)

+(3)=0,1
T4y =t

d
~ (a=1C1 =41 Ci1 + 1)) f(=)

J=1
for all z1,...,24 € X.
First of all, we give sufficient conditions for an odd mapping to be additive.

Proposition 2.1. Let f: X — Y be an odd mapping satisfying
rf (—f‘::z:) =kf(x)

for all z € X. Assume that there exists a function ¢ : X% — [0,00) such that

- Xkt [ 7t
(2.1) p(x1,...,2q) = Z el 2 (F:z:l, ey de) < 00,
i=1
(2'2) “Df(l‘l,,.'lid)ll Sw(mlv""xd)’

forallzy,...,zqg € X. Then [ is additive.

Proof. For an odd mapping f satisfying r f (f:c) = kf(z), if we replace éx by x then
we get kf (§z) = rf(z) and so &2 f (Fzz) = f(z) for all positive integer n and all
z € X. So by the definition of Df and (2.2), we have

k’n ,,.n ,rn
F,:Df (ﬁzlv' LR ‘g{zd> = Df($1,. .. ,ﬂ:d)
and
kn ,,.n Tn k'n ,rn ,rn
’l"_n- Df ('];Tn_xlv"'ak_nmd> S;;{‘P (k—nml""’ﬁxd)
for all positive integer n and all z;,...,24 € X. From (2.1), we obtain

'3 7 n
lim k—<p (-1:—~x1, cey Z—n:cd> =0

n—oo 1" kn
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and so it is straightforward to see that D f(zy,...,z4) = 0 for all z;,--- ,24 € X.
Therefore, f is additive by [6, Lemma 2.1]. O

Now we want to change the condition

rf (§w> =kf(z)

for all z € X in Proposition 2.1. In the following theorem, we remark that m and k
can be different positive integers.

Theorem 2.2. Let f : X — Y be an odd mapping. Assume that there exist a
function ¢ : X4 — [0,00) satisfying (2.1) and (2.2) and a constant o > 0 such that

rf (§m> — kf(z)

for all x € X. Then there exists a unique additive mapping L : X — Y satisfying

(2.3)

<ap(z,...,z, 0,...,0)
S e Nty e’

m times d-—m times

(24) I (x) — L(z)]| < 90( 5z, 0,-..,0)

m times d-—m times

forallz € X.

Proof. If we replace %x by z and divide by r in (2.3), then we get

|

for all z € X. If we replace z by Z;z in the above inequality, then we get
k

s -1 ()

N —’
d — m times

S—a—cp(zz,...,zx, 0,...,0)
r 'k k
e e’

m times

rh ,rn+1 ,rn+1 Tn+1 0 0
f k—nfE k"+1 Eﬁm,...,‘lw—_i_f.’i, TSN
I d — m times
m times

If we multiply by ’:—: in the above inequality, then we get

L o k"+1 n+1 a k" rn+1 7.n+1
ﬁf ('k_nx PrEsy (kn+1 r T-n kntt Tyeees ket xj, \0’ P 0,

d ~ m times

m times

for all z € X and all positive integers n. From the above inequality, we have
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k9 rd k™ T a e Kk 7 7t
—f(-—:v) ——f(—a:)“ﬁ— E —¢| —z,...,—~z, 0,...,0
q q n 7 7
r k r kn k rt k k S —r

=g+l d — m times

m times

for all z € X and all non negative integers ¢g,n with ¢ < n. This shows that the
sequence {’T‘—: I (%z)} is a Cauchy sequence for all z € X. Since Y is complete,
the sequence {f—: f (,:—::c)} converges for all x € X. So we can define a mapping

L: X —->Y by
L(z) := lim ——f(n)

n—oo T

for all x € X. Since f(—z) = — f(x) for all x € X, we have L(—z) = —L{z) for all
z € X, which means that L is an odd mapping. On the other hand, we have

,r.'n Tn
Df (-k?l‘l, ceey k—n$d>

[ T r™
JH&;W(kn o) =0

for all z1,...,24 € X and so L is additive by {6, Lemma 2.1].
In order to prove that L satisfies (2.4), if we put ¢ = 0 and let n — oo in the last

IDL (21, ...,

inequality then we obtain

,r’L X1

(8% ad ’c T
@) = L@ € D=0 | g 00
k = k A NCARR

d — m times
m times

o
—Ew(&...,x, 0,...,0)

m times d — m times

forall z € X.
Now to prove the uniqueness of L, let L' : X — Y be another additive mapping
satisfying (2.4). Since L and L' are additive, we have

|L(z) — L'(z)}| = fj—Z “L (%””) d (;_:m)

2 (52

e () -1 ()
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ak _| rh

S8 T T2, 0,...,0

T \_k" — 'k .‘\/—-’

d — m times

m times

fnti prti pnti
_Q_Ern+7’ \kn+im""’kn+i1i’ O,...,O
m times d — m times

which goes to zero as n — oo for all z € X by (2.1). Consequently, L is a unique
additive mapping satisfying (2.4), as desired. a

If & = 0 in the above theorem, then Theorem 2.2 becomes Proposition 2.1. On
the other hand, we obtained the Cauchy—Rassias stability for the cases » > k and
p>1,orr <kand0<p<1in (6, Corollary 2.4]. Here we prove the following
corollary which is the Cauchy-Rassias stability for different cases from [6, Corollary
2.4].

Corollary 2.3. Let f : X — Y be an odd mapping. Whenr < k and p > 1, or
r >k and 0 < p < 1, assume that there exist constants @ > 0 and o > 0 such that

d
IDf(21,. .., 2za)ll <0 |lasllP,

rf (%) ~ kf(z) iy

forall x1,...,24 € X and all x € X. Then there erists a unique additive mapping
L: X =Y satisfying

< afm||z|/?

rp-1

1£(z) - L@l < S P

forallz e X.

Proof. Let ¢ : X% — [0,00) be ¢(x1,...,24) = 92?:1”%’””- When r < k and
p>1l,orr>kand 0<p<1,since 0< (})” 1< 1 we get

~ kKt [t rt
So(xla"'amd):zz—go(kl -)de)

=1

d
ore-1
o (Al
j=1
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By applying Theorem 2.2, there exists a unique additive mapping L : X — ¥
such that

IA

| f(z) — L(z)|] &z, ...,z, 0,...,0)

a
"k
m times d— m times

abm rp-1

< el

forallz e X. 0

From now on, we denote the greatest integer less than or equal to a real number
3 by [8]. We now introduce the following equation in [6, Lemma 2.5]. For an odd
mapping f : X — Y, under the definition of D f we have

(25)  Df(,. 2, 0, ,0) = (6-kCi—ak Ciok + 1) ('rf (’“79”) - kf(x))

k times d — k times

(554

+ 3 kCilakCit —a—k Clyt—r) (Tf <k — ztx) — (k- 2if)f(ﬂv))

r
t=1

for all x € X.
The following corollary is an application of Theorem 2.2. Since the proof of the
following is clear by Theorem 2.2 and (2.5), we omit it.

Corollary 2.4. Let f : X — Y be an odd mapping satisfying

rf (’“ ) = (k- 2/(@)

for allt € {1,2,...,[52]} and all z € X. Assume that there exists a function
@ : X% — [0,00) satisfying (2.1) and (2.2). Then there ezists a unique additive
mapping L : X — Y satisfying

1
(4-£C1 —d—k Cl-k + 1)

1@ - L@ < - B(@,-.,3, 0,...,0)

k times d— k times

forallz € X.

Now we are ready to generalize Theorem 2.2. Here we consider a given integer
s€{0,1,2,...,[52]}.
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Theorem 2.5. Let f : X — Y be an odd mapping. Assume that there exist a
function ¢ : X¢ — [0,00) satisfying (2.2) and a constant o > 0 such that

%

~ = (k- 29) T 7 )
(2.6) (1, ..,24) .—; a4 (k—2s)ix1’“"——(k—23)ixd < o0,

k-2
2.7 rf( 5:6)—(k—28)f(:17) <aglz,...,z, 0,...,0)
s R AR
m times d - m times
forall z1,...,24 € X and all z € X. Then there ezists a unique additive mapping
L: X —Y satisfying
' a
2. - < oz, ...
(28) 1£@) - L@ € 55z, .2, 0,..,0)
m times d—m times
forallx e X.

Proof. Since our proof is similar to that of Theorem 2.2 when we replace k by k—2s,
we omit the details. |

We remark that when s = 0, Theorem 2.5 is the same as Theorem 2.2. Finally,
we complete our generalizations of the Cauchy—Rassias stability of a generalized
additive functional equation by giving the following result which is complementary
cases of Corollary 2.4.

Corollary 2.6. Let s € {1,2,...,[’“—51]} and let f : X — Y be an odd mapping

satisfying
rf (k - 2%) = (k- 20)(x)

for allt € {0,1,2,...,[552]} with t # s and all z € X. Assume that there exists
a function ¢ : X¢ — [0,00) satisfying (2.6) and (2.2), then there ezists a unique
additive mapping L : X — Y satisfying

1 -
|lf(z) — L(z)| < = 2910 arCie ok Cl+s~k)g01x, ey, 0,...,0)

k times d — k times

foradlz e X.

Proof. For a given s € {1,2,...,[%5]}, since an odd mapping f : X — Y satisfies

rf (A22e) = 6 - 201
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forall t € {0,1,2,..., [1‘—5—1]} with t # s and all z € X, equation (2.5) becomes the
following equation
Df(z,...,z, 0,...,0)
N e’ N e’

k times d — k times

k-2
= kCs(a-kCl—s —d—k Cls—k) (Tf ( ®

) - (k- 25)/(0))

for all z € X. So if there exists a function ¢ : X4 — [0,00) satisfying (2.6) and
(2.2), then we have o™! = ;Cs(3-£Ci—s —a—k Cizs—x) and m = k in (2.7). Thus,
Theorem 2.5 gives the proof. O

3. GENERALIZED ADDITIVE MAPPINGS IN BANACH MODULES OVER A
C*-ALGEBRA

In this section, we solve a generalized additive functional equation (1.2) in Banach
modules over a unital C*-algebra. Throughout this section, let X and Y be left
Banach modules over a unital C*-algebra A with unitary group U(A). For a given
mapping f: X — Y and u € U(A), we define D, f by the following :

4 uz, d o 1VlDy

1(7)=0,1
=4y =t

d
—(2-1C —a-1 Gy + 1) ) uf (=)

Jj=1

for all zq,...,z4 € X.
In the following proposition, we give sufficient conditions for an odd mapping to

be A-linear additive.

Proposition 3.1. Let f: X — Y be an odd mapping satisfying
k
rf (;m) = kf(z)

for all z € X. Assume that there ezists a function ¢ : X% — [0,00) such that

(3.1) o(zr, ..., xq) 1= z ];;‘p (%xl, ceh -gvxd) < 00,
i=1
(32) “Duf(.'L'l,,-'l/'d)” Sﬂ@(xl,,$d)

for allu € U{A) and all z1,...,z4 € X, then f is A-linear additive.
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Proof. For an odd mapping f satisfying rf (£x) = kf(z), if we replace £z by z then
we get kf (%:L’) = rf(z) and so f—: (%;x) = f(z) for all positive integer n and all
z € X. So by the definition of D, f and (3.2), we have

kn ,,.n ,,.TL
;;Duf (k—,;zl,---,k—nzd) =Dyf(z1,...,2q)

-Duf (k_nzl""’ic—n-xd) _(P (k)" 1,- ~'3E;xd>

for all u € U(A) and all z1,...,24 € X. On the other hand, from (3.1) we know
that

and
k‘n

T-'n,

kn ,,.n ,,.n
Jgrgor_n(p(kn ,---,']'c;ﬂﬂd> =0
for all z1,...,24 € X. Thus, we conclude that D, f(z1,...,z4) = 0 for all u € U(A)
and all z3, -+ ,z4 € X and so f is A-linear additive by [6, Lemma 3.1]. O

In order to obtain generalizations of the Cauchy-Rassias stability in Banach
modules over a unital C*-algebra, we change the condition

rf (§m> =kf(x)

for all z € X in Proposition 3.1.
Theorem 3.2. Let f : X — Y be an odd mapping. Assume that there ezist a
function ¢ : X¢ — [0, 00) satisfying (3.1) and (3.2) and a constant o > 0 such that

rf (%) ~ k(=)

all z € X. Then there exists a unique A-linear additive mapping L : X — Y

3.3 <ap(z,...,x, 0,...,0
(3.3) < ap( )

m times d—m times

satisfying
!
. < - e .
(3.4) 1£(z) = L(2)ll < +¥(z,.. 2, 0,-.-,0)
m times d—m times
forallz e X.

Proof. By the same reasoning as the proof of Theorem 2.2, there exists a unique
additive mapping L : X — Y defined by

forallz € X.
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From (3.1) and (3.2), we have

n

.k
|DuL (z1,...,z4)|| = lim —

n—oo 17

rn P
Duf (k_nxl’ ey -k_nwd)

. kn TTL TTL
< lim —p (—-xl,...,k—nwd) =0

n—oo rm kn
and so D, L(z1,...,z4) = 0 for all u € U(A) and all z1,--- ,-:vd € X. Therefore, L
is A-linear generalized additive by [6, Lemma 3.1]. O

The following corollary is the Cauchy-Rassias stability for the cases r < k and
p>1,orr >k and 0 < p <1 which contains several results in [9,10]. By applying
Theorem 3.2, since the proof of the following is similar to that of Corollary 2.3, we
omit the details.

Corollary 3.3. Let f : X — Y be an odd mapping. Whenr < k and p > 1, or
r >k and 0 < p <1, assume that there exist constants 0 > 0 and o > 0 satisfying

d
IDuf(21,- . za)l <6 llslP,
=1

rf (gx) - kf(x)

for all v € U(A), all z1,...,24 € X, and all z € X. Then there exists a unique
A-linear additive mapping L : X — Y such that

< abfm||z|]”

a -1
17@) - L@l < 207 T llalP

foralze X.

On the other hand, we are ready to generalize the Cauchy-Rassias stability of
a generalized additive functional equation in Banach modules over a unital C*-
algebra . At first, we introduce the following equation in [6, Lemma 3.5] to apply
and generalize Theorem 3.2. For an odd mapping f : X — Y, under the definition
of D, f we have

o kuzx
(3.5) Duf(z,...,z, 0,...,0) = (4-kCi —4-k Crp + 1) {rf [ — | — kuf(x)
N’ Ny ! T
k times d— k times

(554

+ > kCi(a-kCit —a—k Ciy1-) <7‘f (k — 2tWJ) — (k- 2t)uf($)>

t=1 T

for all w € U(A) and all z € X.
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Here we give a generalization of the Cauchy—Rassias stability of (1.2).

Corollary 3.4. Let f: X — Y be an odd mapping satisfying
rf (k - th) = (k- 201 (2)

for all t € {1,2,...,[’“—;1-]} and oll x € X. Assume that there is a function ¢ :
X% — [0,00) satisfying (3.1) and (3.2). Then there ezists a unique A-linear additive

mapping L : X — Y satisfying

1 ~
19@) = L@ < e P@e 3 00)

k times d -~ k times

forallz e X.

Proof. Since an odd mapping f : X — Y satisfies
ot (F52e) = (k- 20100
forall t € {1,2,...,[%52]} and all z € X, by (3.5) we get

le(w, u) = (4-4C1 —d-k Ci—k + 1) (Tf (E;) - kf@))

k times d — k times

for all z € X. So, if there is a function ¢ : X4 — [0, 00) satisfying (3.1) and (3.2),
then Theorem 3.2 gives the proof. O

Remark 3.5. If we let k£ = 2, then the condition in Corollary 3.4 is satisfied auto-
matically and so there exists a unique additive mapping L : X — Y such that

1
”f(.’E) - L(.Z')“ < 2(d—2Cl —d—o Cl—-2 ¥ 1)

(,B("IJ,ZE, 0, 10)

——

d — 2 times
for all z € X. Therefore, Corollary 3.4 is a generalization of [10, Theorem 3.3]. On
the other hand, if r = 1 and & = 3 in Corollary 3.4 then we obtain [9, Theorem 3.3).

Now we consider an integer s € {0,1,2,...,[%5]}. We obtain the following result
which is a generalization of Theorem 3.3.

Theorem 3.6. Let f : X — Y be an odd mapping. Assume that there exist a
function ¢ : X — [0,00) satisfying (3.2) and a constant o > 0 such that

(3.6) &1, .., 2q) = Z (k ;?8)290 ((k _7'128)1.2:1, e (?——1.22—3)"“) < 00,

i=1
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k-2
(3.7) rf( sx)——(k—Qs)f(a:) <ap(z,...,z, 0,...,0)
T e N e’

. m times d—m limes
forallzy,...,zq € X and all z € X. Then there exists a unique A-linear additive
mapping L : X — Y satisfying

o .
(3.8) If(z) - L(z)|| £ ——@(=z,...,z, O,...,0)
. k— 28" ot N e’

m times d— m times

forallz € X.

Proof. 1f we replace k by k — 2s in Theorem 3.2, then the proof is the same as that
of Theorem 3.2 and so we omit the details. _ ]

When s # 0 in Theorem 3.6, we obtain the following corollary. The proof of the
following, being similar to that of Corollary 2.6, is omitted.

Corollary 3.7. Let s € {1,2,...,[&5—1]} and let f : X — Y be an odd mapping
satisfying

k—2t

i (F2e) = (e~ 250)
forallt € {0,1,2,...,[%]} with t 3¢ s and all x € X. Assume that there exists
a function ¢ : X% — [0,00) satisfying (3.6) and (3.2). Then there exists a unique

A-linear additive mapping L : X — Y satisfying

1
z) — L(z)|| £

1f(z) = L)l < (k = 28)kCs(d-kCi-s —d—k Crrs—k)

o(z,...,z, 0,...,0)
N N !
k times d -k times

forallz € X.
Remark 3.8. If » = 3 and k£ = 3 in Corollary 3.7, then s = 1 and £ = 0 and so

there exists a unique A-linear generalized additive mapping L : X — Y such that

1
|7 (z) — L(z)|| < 3(4-3Ci—1 —4_3 Ci_2)

6("2)1')2:7 O,,O)
N——
d — 3 times

forallz € X.
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