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SUM AND PRODUCT THEOREMS RELATING TO
GENERALIZED RELATIVE ORDER («,3) AND GENERALIZED
RELATIVE TYPE («,5) OF ENTIRE FUNCTIONS

TANMAY BiswAs? CHINMAY BISWAS P BISWAJIT SAHA ©*

ABSTRACT. Orders and types of entire functions have been actively investigated by
many authors. In this paper, we investigate some basic properties in connection with
sum and product of generalized relative order (o, 3), generalized relative type (o, )
and generalized relative weak type (a, 8) of entire functions with respect to another
entire function where «, 8 are continuous non-negative functions on (—oo, +00).

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

We denote by C the set of all finite complex numbers. Let f be an entire function

[ee]
defined on C. The maximum modulus function M¢(r) of f = > apz™ on |z| =7
=

is defined as My = lm|ax] f(2)|. Moreover, if f is non-constant entire then M £(r) is
zZ|=Tr

also strictly increasing and continuous functions of r. Therefore its inverse ZMf_1 :
(M£(0),00) = (0,00) exists and is such that sETooMf_l(s) = o0o. Further a non-
constant entire function f is said to have the Property (A) if for any ¢ > 1 and
for all sufficiently large r, [My(r)]? < M¢(r°) holds (see [2]). We use the standard
notations and definitions of the theory of entire functions which are available in [6]
and [7], and therefore we do not explain those in details.

Let L be a class of continuous non-negative on (—oo, +00) function « such that
a(x) = a(xg) > 0 for z < xp with a(z) T 400 as © — 400 and a((1+ o(1))z) =
(140(1))a(x) as z — +o0o0. We say that o € LY, if a € L and a(cz) = (1+0(1))a(z)

as rg < x — +oo for each ¢ € (0,400), i.e., « is slowly increasing function. Clearly
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L° C L. Moreover we assume that throughout the present paper o and 3 always

denote the functions belonging to L% unless otherwise specifically stated. The value

s a(log My(r))
%(a,p)f] = lim SUPW(a eL,Bel)

r—+400

is called [5] generalized order (a, ) of f .
Now we introduce the definition of the generalized order (o, 3) and generalized
lower order («, 3) of an entire function after giving a minor modification to the

original definition of generalized order («, ) of an entire function (e.g. see, [5]).

Definition 1.1. The generalized order (a, 3) denoted by o4 g)[f] and generalized
lower order (a, 3) denoted by A(4, g)[f] of an entire function f are defined as:

Mainly the growth investigation of entire functions has usually been done through
their maximum moduli function in comparison with those of exponential function.
But if one is paying attention to evaluate the growth rates of any entire function
with respect to a new entire function, the notions of relative growth indicators (see
e.g. [1, 2]) will come. Now in order to make some progress in the study of relative
order, one may introduce the definitions of generalized relative order («, ) and
generalized relative lower order (a, 3) of an entire function with respect to another

entire function in the following way:

Definition 1.2. The generalized relative order (a,(3) denoted by o(q g)[f]y and
generalized relative lower order (a, 3) denoted by A g)[f]y of an entire function f

with respect to an entire function ¢ are defined as:
(M, (M (r)))

: a(My(My(r))) R
Q(a,ﬁ) [f]g = lig—is-gop QB(T)J[ and )‘(a,ﬂ) [f]g = lrlgl—i}é]of 9 6(T)

If fact some works on generalized relative order (a, ) related to the growth of
entire Dirichlet series have been explored by Mulyava et al. (see, e.g., [3], [4]).

Further if generalized relative order (¢, ) and the generalized relative lower order
(ar, B) of an entire function f with respect to an entire function g are the same, then
f is called a function of regular generalized relative («, 5) growth with respect to g.
Otherwise, f is said to be irregular generalized relative (a, ) growth.with respect

to g.
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Now in order to refine the above growth scale, one may introduce the definitions
of other growth indicators, such as generalized relative type («, 3) and generalized
relative lower type («, 3) of entire function with respect to an entire function which

are as follows:

Definition 1.3. The generalized relative type («, ) denoted by o, gy[f], and gen-
eralized relative lower type («, 3) denoted by &4 )[f]y of an entire function f with
respect to an entire function g having non-zero finite generalized relative order (a, )

are defined as :

L exp(a(My My (r))))
U(Oéaﬁ) [f]g - lirgigop (exp(,@(?“g)))g(a’ﬁ)[f]g
lim 1nfeXp(a(Ms;1Mf(r))))
TR (exp(B(r)) Ao Vs

and E(a,ﬁ) [f]g =

Analogously, to determine the relative growth of an entire function f having
same non-zero finite generalized relative lower order («, #) with respect to an entire
function g, one can introduce the definition of generalized relative upper weak type
(o, B) and generalized relative weak type (o, 3) of f with respect to g of finite

positive generalized relative lower order («, ) in the following way:

Definition 1.4. The generalized relative upper weak type (a, 3) denoted by 7, g)[f]g
and generalized relative weak type (a, 3) denoted by 7, 3)[f]g of an entire function
f with respect to an entire function g having non-zero finite generalized relative

lower order (a, ) are defined as :

[f]l; = limsu exp(a(Mil(Mf(r))))
Hedtle T SRS (e (B(r) e Tl
1

and T(a,B) [f]g = liminf
In this connection, we finally remind the following definition which is needed in

the sequel.

Definition 1.5. A pair of entire functions f and g are said to have mutually Property

(X) if for all sufficiently large r,
My.g(r) > Mg(r) and My.g(r) > My(r)

hold simultaneously.
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Here, in this paper, we aim at investigating some basic properties of generalized
relative order («, f3), generalized relative type («, ) and generalized relative weak
type («, 8) of a entire function with respect to another entire function under some-
what different conditions. Throughout this paper, we assume that all the growth

indicators are all nonzero finite.
2. LEMMAS

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1 ([2]). Suppose that f be an entire function, a > 1,0 < b < a. Then
My (ar) > bMy(r).

Lemma 2.2 ([2]). Let f be an entire function which satisfies the Property (A) then

for any positive integer n and for all sufficiently large r,
[M(r)]" < My (r°)

holds where § > 1.

3. THEOREMS

In this section we present the main results of the paper.

Theorem 3.1. Let f1, fo and g1 be three entire functions such that at least fi or

f2 is of reqular generalized relative growth («, B) with respect to g1. Then

)‘(a,ﬂ) [f1 £ falg, < max{)\(a,g) [f1]g1s )‘(a,ﬁ) [f2lg }-

The equality holds when X\ g)[filgy > Na,p)[filgn with at least f; is of regular gen-
eralized relative growth (o, B) with respect to g1 where i,5 = 1,2 and i # j.

Proof. If Aap)fi £ falgy = 0 then the result is obvious. So we suppose that
Na,p)lf1 £ falgy > 0. We can clearly assume that A\, g)[fx]g, is finite for k£ = 1,2.
Also let max{, g)[filg1> Ma,8)[f2]gs} = A and fa is of regular generalized relative
growth (a, 8) with respect to g;. Now for any arbitrary € > 0 from the definition of

Aa,8)[f1]g1, We have for a sequence values of 7 tending to infinity that
My, (r) < Mg, (@™ (N o) [filgr +)B()])

(3.1) i, My (r) < Mg, (o™ [(A+e)B(r)).
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Also for any arbitrary e > 0 from the definition of o(o g)[f2]g, (= A(a,p)[f2]g:), We

obtain for all sufficiently large values of r that

My, (r) < My, (o™ {(A(a,p)Lfelgr +€)B(r)])

(3.2) i.e., Mp,(r) < Mg, (™ [(A +e)B(r))).

So in view of (3.1) and (3.2), we obtain for a sequence values of r tending to
infinity that

(3-3) My, 15, (r) < 2Mg, (a7 (A +)B(r))).

Therefore in view of Lemma 2.1, we obtain from (3.3) for a sequence values of r

tending to infinity that

%MflifQ (r) < My, (ail[(A + {-:)ﬂ(?”)])

irees Mpyapy(5) < My (a7 [(A+2)B(r)
o a(M (Mg, (5)))
i.e., 50y < (A+e).
Hence
MMy ap, (5 M (M, (5 f
Egj{ga( " (ﬁ(f)ﬂ:fz(g))) _ ljgljgofa( " (5(§1)if2(3)))‘hﬂi‘olopé((i)) <Aie
i.€., )\(a,ﬁ)[flif2]g1 < A+e

As ¢ > 0 is arbitrary,

(3.4) Map) 1 £ folgy <A =max{\qg)[f1lg Aa,p)[f2]a }-

Similarly, if we consider that f; is of regular generalized relative growth (a, /)
with respect to g1 or both f; and fs are of regular generalized relative growth («, 5)
with respect to g;, then one can easily obtain (3.4).

Moreover without loss of any generality, let A g)[f1]gy < Aa,p)[f2]g and f = fi+
f2. Then in view of (3.4) we get that A\, g)[flg1 < Aia,p)[f2lgi- As, fo = £(f—f1) and
in this case we obtain that A\, 3)[falg < max{Aa g)[flg1, Aa,8)[f1]g: } - As we assume
that Aa,g)[filgs < A(a,)[f2]g:, therefore we have A4 g)[f2]g, < A(a,5)[f]g; and hence
ANa,d)flg = Aol f2lgy = max{Aa g)[f1lg1s Aa,8) [f2]g1 }- Therefore, Ao )[f1Ef2]g =
Map)lfilgy | © = 1,2 provided Ao pg)lfilgy # A(a,)lf2lg- Thus the theorem fol-
lows. O
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Theorem 3.2. Let f1, f2, g1 be three entire functions such that o p[filg, and
O(a,p)f2]g, exists. Then

Q(Oé,ﬁ) [fl :l: f2}gl S maX{Q(a,,@) [fl]gl 3 Q(a,ﬁ) [f2]gl }
The equality holds when 0(a,8) [filg, #, 0(,8) [f2lg: -

We omit the proof of Theorem 3.2 as it can easily be carried out in the line of
Theorem 3.1.

Theorem 3.3. Let f1, g1, g2 be three entire functions such that A\ gy[filg, and
Nap)f1lgy exists. Then

)‘(047/3) [fl]gligz > min{)‘(a,ﬁ) [fl]gw )‘(a,,b’) [f1}92}'
The equality holds when X, ) [filg # Aa,B) [f1lgs-

Proof. Tf Ao 8)[f1]g1+g, = 00 then the result is obvious. So we suppose that
Ma,g) [ f1lgi+gs < 00. We can clearly assume that A g)[f1]g, is finite for & = 1,2.
Also let ¥ = min{\ (4 g)[f1lg1» Aa,p)lf1]go}- Now for any arbitrary e > 0 from the
definition of A\, g)[f1]g, Where k = 1,2, we have for all sufficiently large values of r
that
My, (o™ {(Nayp)[filge = €)B(r)]) < My, (r)
ie, Mg (a™ (¥ —e)B(r)]) < My, (r)

Now in view of Lemma 2.1, we obtain from above for all sufficiently large values

of r that

e, Myig (o™ [(¥ — ¢
e, Mg (o™ [(¥ — ¢
(ML, (Mj, (3r)))

i.e., >U —¢
B(r)
Since € > 0 is arbitrary, we get from above that
(3.5) A f1lgrg, = ¥ = min{ A 5)[f1lg1: A(a,0) [f1]g2}-

Now without loss of any generality, we may consider that A g)[filgy < Aa,8)[f1]g2
and g = g1 & g2. Then in view of (3.5) we get that A\, 3)[f1lg > A(a,8)[f1]g,- Further,
91 = (g£g2) and in this case we obtain that Aa,B) [filg: > min{)\(aﬁ) [filg, Aa,B) [filgs} -
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As we assume that A\, g) [filg < Aa,B) [f1]g,, therefore we have Aa,8) [filgr > Aa,B8) [filg
and hence A, g)[f1]g = Aa,p)[f1lg = min{A @ g)[f1]g1> Aa,p)[f1]g. }- Therefore,

/\(a,ﬁ) [fl]g1:t92 = /\(a,,B) [fl]gi ’ i = 1,2 provided /\(oz,,é’) [fl]gl 7& )\(a,ﬂ) [f1]92. Thus the
theorem follows. O

Theorem 3.4. Let f1, g1, g2 be three entire functions such that f1 is of reqular

generalized relative growth (o, B) with respect to at least any one of g1 or ga. Then
O(a,B) [f1lgi2g = min{@(a,ﬂ) [f1]g1s O(a,B) [f1lgs }-
The equality holds when o gy[filg; < 0(a,)[f1lg; with at least fi is of regular gen-

eralized relative growth (o, B) with respect to g; where i =j =1,2 and i # j.

We omit the proof of Theorem 3.4 as it can easily be carried out in the line of
Theorem 3.3.

Theorem 3.5. Let f1, fo, g1, go be entire functions, then

(o) [ [1E f2] g1 g, < max(min{o(a,p)[f1]g1: 0(a,8)[f1]g. } min{o(a,p)[folg1: 0(a,8)[f2]g: }]

when the following two conditions holds:

(1) 0(a,p)lf1lg: < 0(a,p)[f1lg; with at least fi is of reqular generalized relative growth
(o, B) with respect to g; fori =1,2, j = 1,2 and i # j; and

(41) 0(a,p)[f2lg: < 0(ap)[f2lg; wilh at least fa is of reqular generalized relative growth
(o, B) with respect to g; fori =1,2, j = 1,2 and i # j.

The equality holds when 0.4 [filgy < 0(a,8)[filer and 0(a,p)|filg: < 0(a,p)[filg. holds
simultaneously for 1 =1,2; j =1,2 and i # j.

Proof. Suppose that the conditions (i) and (i7) of the theorem holds. Therefore in
view of Theorem 3.2 and Theorem 3.4 we get that

max[min{g(a,ﬁ) [fl]glv O(a,B) [fl]gz }’ min{@(a,ﬁ) [fQ]gu O(a,B) [f2]92 }]

= max[g(aﬁ) [f1]g1+g25 O(a,B) [f2] g +g0]
(3.6) > 0(a,0)Lf1 £ folgitgs -

As Q(a,ﬁ)[fi]gl < Q(a,ﬁ)[fj]gl and Q(a,ﬁ)[fi]gz < Q(cx,ﬂ)[fj]QQ hold simultane-
ously for ¢ =1,2; j = 1,2 and ¢ # j, we obtain that

either min{g(a,ﬂ) [fl}_‘]l’ O(a,3) [fl]gz} > min{@(a,ﬁ) [f2]917 O(a,B) [fQ]gz} or

min{g(aﬁ) [fQ]glv O(a,B) [f2]92} > min{@(a,,@) [fl]gu O(a,B) [f1]92} holds.
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Therefore in view of the conditions (i) and (ii) of the theorem, it follows from
above that

either o(a,5)[filgigs > 0(a,8)[f2lgi2gs OF 0(a,)[f2)gig: > 0(a,8) [f1]g1 %00
which is the condition for holding equality in (3.6).
Hence the theorem follows. O

Theorem 3.6. Let f1, fo, g1, g2 be entire functions, then

Ma,p) f1E folgig, = min[max{ A g)[f1lg1> Ma,8)[f2lgr }> max{A(a,5)[f1]gs Aa,p) [f2]g2 }]

when the following two conditions holds:

(1) 0(a,p)[filgr > 0(a,p)filgs with at least f; is of reqular generalized relative growth
(v, B) with respect to g1 fori =1,2, 5 =1,2 and i # j; and

(41) 0(a,8)[filga > 0(a,8)[filga with at least f; is of reqular generalized relative growth
(a, B) with respect to go fori =1,2, 75 =1,2 and i # j.

The sign of equality holds when o(q g)[f1lg; < 0(a,p)[f1]lg; and 0(a,p)[f2]g; < 0(a,)[f2]g;
hold simultaneously for i =1,2; j = 1,2 and i # j.

Proof. Let us consider that the conditions (i) and (i) of the theorem holds. There-
fore in view of Theorem 3.1 and Theorem 3.3, we obtain that
min[max{Aa,g)[f1lg1, A(a,0) [f2lg: }, max{Aa,p) [f1lg2) Aa,5) [f2] g2 }]
= min[A, g)[f1 = folgis M) [f1 £ folgo]
(3.7) 2 )‘(aﬁ) [f1 £ folgitgs -
Since 0(q,)[f1lg; < 0(a,p)lf1lg; and 0(a,8)[f2]g; < 0(a,p)[f2]g; holds simultaneously
fori=1,2; j=1,2 and i # j, we get that
either max{)\(aﬁ) [fl]gla A(a,ﬁ) [fQ]g1} < max{)\(aﬁ) [f1]92, )‘(a,ﬁ) [fQ]gQ} or
max{ (a8 [f1lg2> Ma,p)[f2lg} < max{ A, [f1lg, Aa,)[f2]g: } Dolds.
Since condition (i) and (iz) of the theorem holds, it follows from above that
either A(q,5)[f1 & folgi < Aa,0)[f1 £ folgs OF Aa,p)[f1 £ folgo < Aa)lf1 £ folgu

which is the condition for holding equality in (3.7).

Hence the theorem follows. O

Theorem 3.7. Let fi, fo, g1 be three entire functions such that at least fi or fo
is of reqular generalized relative growth (o, B) with respect to g1 where g1 satisfy the
Property (A) and f1 , fa satisfy the Property (X), then
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Maplft - folgn = max{A(q,p) [ filg1s Aa,p) [f2] g1 }-

Proof. Suppose that A, g)[f1 - f2]g, > 0. Otherwise if A\, )[f1 - f2]g, = O then the
result is obvious. Let us consider that fs is of regular generalized relative growth
(o, B) with respect to g1. Also let that max{A(, ) [f1lg1s A\, [f2lg } = A . We can
clearly assume that A g)[fk]g, is finite for k = 1,2. Now for any arbitrary § > 0,
it follows from the definition of g, g)[f1]g,, for a sequence values of r tending to

infinity that

3

My, (r) < My, (0 (Ao [filgn + 3)8()])

(3.8) ire, My (r) < My (@7 (A + 2)B())).

Also for any arbitrary § > 0, we obtain from the definition of o(, g)[f2]s (=
Aa,8)lf2]g,), for all sufficiently large values of r that

My, (r) < My, (0™ (Mg folor + =)B()])

2
) _ €
(3.9) ie, Mp,(r) < Mg, (o [(A + 3)B())).
Observe that
A+e o1
A+5 70

logla ™' [(A+€)B(r)]]
logla~![(A+3)B(r)]]
values of r. Thus for any ¢ > 1, it follows from the above expression for all sufficiently

Therefore we consider the expression for all sufficiently large

large values of r, say r > r1 > 7o that

logla™![(A +¢)B(r0)]]

logla=![(A + 3)B(r0)]]
Hence from (3.8) and (3.9), we have for a sequence values of r tending to infinity

that

(3.10) =4

_ €
My,.p,(r) < [M, (a7 (A + 5)B(DI
Now in view of Lemma 2.2, we obtain from above for a sequence values of r

tending to infinity that

Mjy.po(r) < My (™M [(A + D)B0)P),

since g1 has the Property (A) and § > 1. Therefore in view of (3.10), it follows from

above for a sequence values of r tending to infinity that

My, ., (r) < Mg, (@7 [(A +)B(r)))-



164 T. Biswas, C. Biswas & B. SAHA

Since € > 0 is arbitrary, we get from above that

Map)lf1 - falgy < A =max{ A3 [filgs Na,) [ f2]g }-

Similarly, if we consider that f; is of regular generalized relative growth (a, f3)
with respect to g1 or both f; and f2 are of regular generalized relative growth («, 8)

with respect to g1, then also one can easily verify that

Map)lfi - falg < A = max{Aa g [filgrs Aap)[fo]or }-

Let us now show that A\ g)[f1- f2]g, > A. Since f1 , f2 satisfy the Property (X),
then we have My, .y, (1) > My, (r) for all sufficiently large values of  and therefore
oz(Mg‘ll(Mfl.fQ(T))) N oMy (My, (r)))

B(r) B(r)
since M '(r) is an increasing function of 7. So X(a,g)[f1 - folgr = Aa,p)[f1]g and

similarly, A(oz,/o’) [fl . fQ]gl Z )‘(a,ﬁ) [fQ]gl'
Hence the theorem follows. O

Now we state the following theorem which can easily be carried out in the line of

Theorem 3.7 and therefore its proof is omitted.

Theorem 3.8. Let f1, fa, g1 be three entire functions such that 0(a,8)[f1lg1> 0(a,8)[f1] g2
exists where gy satisfy the Property (A) and f1 , fa satisfy the Property (X), then

0(a,p)[f1* f2lgr = max{o(a,p)[filg1: 0(a,p)[f2) 1 }-

Theorem 3.9. Let f1, g1, g2 be three entire functions such that Ao gy[f1]g15 Aa,p)[f1]g2
exists where f1 satisfy the Property (A) and g1, go satisfy the Property (X), then

)‘(a,ﬁ) [fl]grga = min{/\(a,ﬁ) [fl]sh ) )‘(a,ﬁ) [fl]ga }-

Proof. Suppose that A, g)[filg-go < 00. Otherwise if A4 g)[f1]g,.g» = 00 then the
result is obvious. Also let min{\(q g)[f1lg1> Aa,5)[f1]g2} = ¥ .We can clearly assume
that A4 p)[f1lg, is finite for k = 1,2. Now for any arbitrary e > 0, with ¢ < ¥, we

obtain for all sufficiently large values of r that

€

Mgk (ail[()‘(oz,ﬁ) [fl]gk - i)ﬂ(r)]) < Mf1 (T)

ie., My, (0~ (W — g)ﬁ(r)]) < My, (r)

(3.11) e My (r) < My, [ -2
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Observe that

£

2
U —¢
log[8~ 1[5 %5 1]
log[5 1[4 ]
Thus for any § > 1, it follows from the above expression for all sufficiently large

> 1.

Now we consider the expression for all sufficiently large values of r.

values of r, say 7 > r1 > rg that

log[ﬂ_l [ (O\ép(ios)) 1]
log[8~1[5=%]]
Now from (3.11) we have for all sufficiently large values of r that

My, 00(r) < My, [ﬁ1<(§(fl)n2.

2

(3.12)

Now in view of Lemma 2.2, we obtain from above for all sufficiently large values
of r that

My, .g,(r) < My, [571(

since fi has the Property (A) and § > 1.
Therefore in view of (3.12), it follows from above for all sufficiently large values

of r that -
4, afr
M91-92(r) < Mfl[/ﬁ 1((\11 —6))].
Since € > 0 is arbitrary, therefore from above we get that
)‘(a,ﬁ) [f1]91'92 > U= min{/\(a,ﬁ) [fl]gla )\(a,ﬁ) [fl]gz}-

Let us now show that A, g)[filg;go < V. Since g1, g2 satisfy the Property (X),

then we have My, .q,(r) > My, (r) for all sufficiently large values of r and therefore
Mg_l,ng(r) < Mg_ll(r). Hence
(Myyogy (M, () _ oMy, (M, (1))
B(r) B(r)
S0 Aa,p)[f1lg1-g2 < Ma,p)f1lg and similarly, A g)[f1]g1-92 < Aa,8)[f1lge-
Hence the theorem follows. O

Theorem 3.10. Let f1, g1, g2 be three entire functions such that fi is of reqular
generalized relative growth (o, B) with respect to at least any one of g1 or go and f1
satisfy the Property (A) and g1, g2 satisfy the Property (X), then

0(a,p)[f1]g1-go = min{o(a,p)[f1lg1, 0(a,p)[f1lg: }-
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We omit the proof of Theorem 3.10 as it can easily be carried out in the line of
Theorem 3.9.
Now we state the following two theorems without their proofs as those can easily

be carried out in the line of Theorem 3.5 and Theorem 3.6 respectively.

Theorem 3.11. Let f1, fo, g1, g2 be four entire functions such that g1 - go, f1 ,
fa be satisfy the Property (A), fi, fa satisfy the Property (X) and g1, g2 satisfy the
Property (X), then,

O(a,p)Lf1 " f2lg1-go = max[min{o gy [f1lg1> 0(a,p) [f1lg2 }> min{0(a,8)[f2]g1s 0(a,p)[f2)ga }]s

when the following two conditions holds:
(1) f1 is of reqular generalized relative growth (a, B) with respect to at least any one
of g1 or g2; and

(ii) f2 is of reqular generalized relative growth (o, 3) with respect to at least any one

of g1 or go.

Theorem 3.12. Let f1, fo, g1, g2 be four entire functions such that g1 - go, f1 ,
f2 be satisfy the Property (A), fi, fa satisfy the Property (X) and g1, go satisfy the
Property (X), then,

Na,p) L1+ falgr-g, = min[max{ A g)[f1lg1> Ma,8)[f2l g1 }> max{A(a,5)[f1]g2s A, 8) [f2]g2 }]

when the following two conditions holds:

(1) At least f1 or fa is of reqular generalized relative growth (c, 8) with respect to
g1; and

(13) At least f1 or fo is of reqular generalized relative growth («, 3) with respect to

g2-

Next we intend to find out the sum and product theorems of generalized relative
type (a,B) ( respectively generalized relative lower type («,()) and generalized
relative waek type («, 5) of an entire function with respect to another entire function

taking into consideration of the above theorems.

Theorem 3.13. Let fi, fa, g1, g2be four entire functions such that o(a.g)[f1lg

0(a,B) [f2)g1 0(a,B) [fi]g, and 0(a,B) [f2]g. are all non-zero and finite.
(A) If Q(a,ﬁ)[fi]gl > Q(a,,@)[f]]gl fOT ia .7 = 172 and 1 75]; then

(a8 1 £ falgy = 0(ap)lfila and T p)lfi £ folg = T(ap)filar-
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(B) If o(aplfilg < 0(aplfilg, with at least fi is of reqular generalized relative
growth («, B) with respect to g; fori, j = 1,2 and i # j, then

O(a,pB) [fl]glim = O0(a,B) [fl] Gi and O' [fl] gi1tgs — U(a B) [fl]

C) Assume the functions fi, fa,91 and go satisfy the following conditions:

i) 0(a,p) [ f1lg: < 0(a,p)lf1]g; with at least fi1 is of regular generalized relative growth
a, B) with respect to g; fori =1,2, 5 =1,2 and i # j;

i1) 0(a,8)[f2)g: < 0(a,p)[f2]g; with at least fa is of reqular generalized relative growth

1i1) 0(a,8) [filg < 0(a,B) [filg: and O(a,B) [filgo < 0(a,8) [filg. holds simultaneously for
1,2 j=1,2 and i # j;

'W)Q 047,3) [fl]gm = max[min{g(a,b’) [fl]gu O(a,B) [fl]QQ}amin{Q(oc,ﬂ) [f2]91? O(a,B) [f2]92}] ’

=m=1,2;

then we have

(
(
(
(o, B) with respect to g; fori =1,2, j = 1,2 and i # j;
(
i=
(
| =

O(a,8)f1 £ folgitg, = O(a,p) [ filgm | 1, =1,2
and

0 (a,B) [f1 £ f2]g1igz = 0(a,B) [fl]gm | l,m=1,2.

Proof. From the definition of generalized relative type (o, 8) and generalized relative

lower type («, 3), we have for all sufficiently large values of r that

(3.13) My, (r) < Mg, (o™ (log{(0(a,5)[fils + €)[exp(B(r))]2tem) Kl }),

My, (1) 2 My o™ (0g{(5 a5y il — 2)lexp(B(r))] e il

B1) i My(r) < My (57 s };f[ﬁ]”)_ TR,

and for a sequence of values of r tending to infinity, we obtain that

My, (1) 2 My (™ (108 { (00,5 filr — ©)lexp(B(r)J el

(315) e My(r) < My, (5~ (log(— =2 yammmy))
(U(Oéﬁ)[fk}gl €)

and

(316) My (r) < My (o~ (0g{ (7 s felo + &) lexp(B(r))]2e Fela}),

where € > 0 is any arbitrary positive number, k=1, 2 and [ = 1, 2.
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CasE I: Suppose that 0., ) [f1lg; > 0(a,p)[f2]g, hold. Also let e(> 0) be arbitrary.

Now in view of (3.13), we get for all sufficiently large values of r that

(3.17) My 1 s, (r)(r) < Mgy, (o (log{(0(a,p)[f1]g: +€)[exp(B(r))]%® Fdar 1y (14 A) .
where
_ Mg, (a_l(log{(a(aﬁ) [falg, + 5)[exp(ﬁ(r))]9(a,6)[f2]g1 3
Mg, (o=t (log{(0(a,p)[f1]g + &) [exp(B(r))]2esfila })’

and in view of 0(a,5)[f1]g1 > 0(a,p)[f2]g:, and for all sufficiently large values of r, we

can make the term A sufficiently small .
Hence for any £ = 1+ €1, where 1 = A, it follows from (3.17) for all sufficiently

large values of r that

Mjy47,(r)(r) < My, (o™ (log{(0(a,p)[f1]gs +&)[exp(B(r))2emMn}) (1 +e1)

e Mpyap,(r)(r) < Mgyfo™ ! (log{(0(a,0)[filgr + €)lexp(B(r))) 2t} - €.
Hence making § — 14, we get in view of Theorem 3.2, 0(4 g)[f1lg1 > 0(a,8)[f2]g:
and above for all sufficiently large values of r that
. eXp(a(M;l(Mfl:l:fQ (T))))
lim sup
Pt exp(B(r))|ee PE I

(318) z'.e., U(a,ﬂ) [fl + f2]91 S U(a,ﬂ) [fl]gl'

Now we may consider that f = f1+ fa. Since 04 g)[f1lgy > 0(a,)[f2]g, hold. Then
oa.p)lflg = o@plfi £ falg < 0@p)lfilg - Further, let fi = (f &+ f2). Therefore
in view of Theorem 3.2 and 04 g)[f1lgy > 0(a,p)[f2]g:, We obtain that o, g)[f]g >
0(a,8)f2]g, holds. Hence in view of (3.18) o4, g)[f1]gy < 0(a,8)[flg1 = O(ap) [f1Ef2]g-
Therefore o(a,5)[flg. = 0(a,p)[f1lg1 = O(a,8)[f1 £ folg = 0ap)[f1lg-

Similarly, if we consider o(4 g)[f1lg; < 0(a,8)[f2]g:> then one can easily verify that
(@) lf1 £ folg = 00,8 (folg:-

CaSE II: Let us consider that o g)[filgy > 0(a,8)[f2]g hold. Also let e(> 0)
are arbitrary. Now(3.13) and (3.16), we get for a sequence of values of 7 tending to
infinity that

(3.19) My ap,(r)(r) < Mgl(ofl(log{(ﬁ(aﬂ) [f1]g, +€)[exp(B(r))] 2 [f1]gy D(1+B).
where
My, (™ (log{(0(a,p) [ folg, + &)[exp(B(r))]e@m 2o })

B= )
My, (@~ (108{(T 3y fi]gs + &) exp(B(r) el )
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and in view of 0(4 ) [f1lg1 > 0(a,8)[f2]g1, We can make the term B sufficiently small by
taking n sufficiently large and therefore using the similar technique for as executed
in the proof of Case I we get from (3.19) that &, 5)[f1 + falg, = T(a,8)[f1]g When
2(ap) 1o > 0(a,0)[f2]g hold,

Likewise, if we consider (4 g)[f1]g; < 0(a,)[f2]g, then one can easily verify that
0 (a,B) [fi+ f2]g1 = 0(a,B) [f2]91'

Thus combining Case I and Case II, we obtain the first part of the theorem.

CasE III: Let us consider that o, g)[filgy < 0(a,)[f1]g. With at least fi is of
regular generalized relative growth («, 3) with respect to go. Therefore in view of

(3.14) and (3.15), we obtain for a sequence of values of r tending to infinity that

1

exp(a(r)) )2@n Tilor ))(1 + O),

(O(a,p)filg —€)

(3.20) My, g, (r) < M, (87" (log((

where

1
O — Mfl (B_l(log(((a(;ﬁ%) %(a,8)[F1lg2 )))

1
My, (,3_1 (log((w(:ﬁ%) 2(a,8) 191 )

)

and since 04 )[f1lg1 < 0(a,8)[f1]g2» We can make the term C sufficiently small by
taking r sufficiently large. Hence for any & = 1 + €1, where ¢ = C, we get from
(3.20) and Theorem 3.4, for a sequence of values of r tending to infinity that

exp(a(r))
(O'(aﬁ) [filg, —€)

exp(a(r))
(o) [f1]gr — )

Hence, making £ — 14, we obtain from above for a sequence of values of r tending
to infinity that

(0(a,)[filgy = &)exp(B(r))2emtlnze < exp(a(M,, Ly, (My, (1))

Since € > 0 is arbitrary, we find that

Myygs () < My, (8~ (log( B )1+ e1)

1

.., Moy, (r) < My, (67" (log(( ) e il ))e,

(3.21) 9(a,8) [fl]gﬂtgz 2 0(a,B) [fl]g1 .

Now we may consider that g = g1 & ga. Also 0(a,8)[f1lg < 0(a,8)[f1]g, and at
least f1 is of regular generalized relative growth (c«, 8) with respect to go. Then
O (a,B) [fl]g = O(a,8) [fl]glng > O(a,B) [fl]gy Further let g1 = (g £ g2). Therefore in
view of Theorem 3.4 and o048 [filgy < 0(a,8)[f1]g., We obtain that o, g)lfily <

0(a,p)lf1]g, as at least f1 is of regular generalized relative growth («, 8) with respect
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to go. Hence in view of (3.21), o(a g)[f1lgy = 0(a,p)[f1lg = O(a,p)[f1]g1+g.- Therefore
9(ap)fils = 9(aplfiln = T(apfilgnte = 0@ fila-
Similarly if we consider o gy[f1lgy > 0(a,)[f1]g, With at least fi is of regular gen-
eralized relative growth (o, 3) with respect to g1, then (4 g)[f1lg14g9. = 0(a,)[f1]g2-
CAsE IV: In this case suppose that o, g)[f1lg < 0(a,)[f1]g. With at least fi is
of regular generalized relative growth («, 3) with respect to go. Hence from (3.14),

we get for all sufficiently large values of r that

322 Mya() < My (57" fonl( 5" DLy TR T )1+ ),

where

T(a,8)f1]gy—¢

My, (5_1(10g((%)m)))
D g
(

N
My, (B_I(IOg(((E@fﬁ;[%) 2(ap) a1 )

and in view of 04 g)[f1lg < 0(a,8)[f1]g2, We can make the term D sufficiently small
by taking r sufficiently large and therefore using the similar technique for as executed
in the proof of Case III we get from (3.22) that 7, g)[f1lg1+g2 = T(a,)[f1]gy Where
0(a,p)lf1lgr < 0(a,p)[filg, and at least fi is of regular generalized relative growth
(a, B) with respect to go.

Likewise if we consider o(q,g)[f1]g1 > 0(a,8)[f1]g. With at least f1 is of regular gen-
eralized relative growth (a, 8) with respect to g1, then (4 g)[f1]g1+g0 = T(a,8)[f1]g2-

Thus combining Case III and Case IV, we obtain the second part of the theorem.

The third part of the theorem is a natural consequence of Theorem 3.5 and the

first part and second part of the theorem. Hence its proof is omitted. O

Theorem 3.14. Let f1, f2, g1, g2 be four entire functions such that X gy[filg
Aa,8) [f2)gr Aa,8) [filg. and Aa,B) [f2lgo are all non-zero and finite.

(A) If Naplfils > Na,plfile with at least f; is of regular generalized relative
growth (o, B) with respect to g1 fori, j = 1,2 and i # j, then
Tap)1 + foloy = Tap)filgr and T(apfi + folgr = T(a,p) [ filg:-
(B) If Nap)lfilg; < MNapylfilg; fori=j=1,2 andi# j, then
Tap) N1lgitg: = T(ap) Nl and Tiap)[filgite = T(ap)[filg:-

(C) Assume the functions fi, fa, g1 and g2 satisfy the following conditions:
(1) 0(a,p)lfilgr > 0(a,)[filgy with at least f; is of reqular generalized relative growth
(a, B) with respect to g1 fori,j = 1,2 and i # j;
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(41) 0(a,8)[filga > 0(a,p)[filga with at least f; is of reqular generalized relative growth
(v, B) with respect to go fori, j = 1,2 and i # j;
(4i1) 0(ap)[f1lg; < O(a,p)[f1lg; and 0(a,p)[f2]g: < 0(a,p)lf2lg; holds simultaneously for
i, 7=1,2 and i # j;
(iv)A(a,ﬂ) [fl]gm = min[maX{A(a,ﬂ) [f1]917 A(a,ﬂ) [f2]91}7 max{)‘(aﬁ) [fl]gzv A(a,ﬁ) [f2]92 }] ’
l=m=1,2;
then we have

Tap) 1 £ folgitgr = T(a,8)[filgm [ L = 1,2

and

F(CV,IB) [fl + f2]91i92 = ?(a,ﬁ) [fl]gm | l,m=1,2.

Proof. For any arbitrary positive number (> 0), we have for all sufficiently large

values of r that

(323) My, (r) < Mg (o™ (log{(T(ap)[filg, + &)lexp(B(r))[ N ik},
(3.24) My, (r) > Mg, (o™ (log{ (r(a,) [l — €)lexp(B(r)) e Uelar})
(3.25) iver, My (r) < My, (B~ log((—=P) x5 ),

(T, [frlg — €)

and for a sequence of values of r tending to infinity we obtain that

(326) My (r) 2 My (o~ (log{ (7o) [fil — Oexp(B(r) e hla})
, _ exp(a(r)) S

(3.27) i.e., Mg, (r) < My, (8 1(10g(<(7(a,5)[fk]g, _5)) (a,8)[7k] N,

and

(328) My () < My (o~ (og{(rn Ly + ) lexp(B(r)) e ),

where k =1,2and [ =1, 2.

Cast It Let Aop)[filg > Aa,p)[f2lgn With at least fo is of regular generalized
relative growth («, 8) with respect to g1. Also let (> 0) be arbitrary. Now we get
from (3.23) and (3.28), for a sequence of values of r tending to infinity that

(3.29) My 14, (r)(r) < Mgl(a_l(log{(’?'(aﬁ) [fl]gl +€)[exp(ﬁ(r))]A(a’ﬁ)[fl]gl})(1_|_E).
where
My, (o' (10g{(T(a,8)[fo]g1 + &) [exp(B(r))Memlf2lor )

F =
My, (o= (log{(7(a,3)[f1]g1 + &)[exp(B(r))en1lor })
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and in view of A, 8)[f1lg1 > A(a,)[f2]g1, We can make the term E sufficiently small
by taking r sufficiently large. Now with the help of Theorem 3.1 and using the
similar technique of Case I of Theorem 3.13, we get from (3.29) that

(3.30) Ta,p)lf1 + f2lgr < T(a,p)[f1lg:-

Further, we may consider that f = fi + fo. Also suppose that A g)[filg >
Aa,p)lf2lg, and at least fo is of regular generalized relative growth (o, 3) with re-
spect to g1. Then 7, )[flg) = T(a,)[f1 + folgr < T(ap)[filg- Now let fi = (f £ fa).
Therefore in view of Theorem 3.1, A g)[f1]g1 > A(a,8)[f2]g: and at least fs is of regu-
lar generalized relative growth (a, 8) with respect to g1, we obtain that A, g)[flg >
A(a,8)f2]g, holds. Hence in view of (3.30), 7(4,3)[f1]g1 < T(a,8)[f]er = T(a,8)[f1+ f2]g1-
Therefore 7(q,5)[flgr = T(a,0)[f1]g1 1€, T(a,8)[f1 + folor = T(a,p)[f1]01-

Similarly, if we consider A\, g)[filg; < A(a,p)lf2lgn With at least fi is of regular
generalized relative growth (o, 8) with respect to g; then one can easily verify that
Tap) 1 + folgr = Ta,p) [falg:-

CAsE II: Let us consider that A\, g)[filg; > Aa,p)[f2]ls With at least fo is of
regular generalized relative growth (a, ) with respect to g1. Also let (> 0) be
arbitrary. Therefore we obtain from (3.23) for all sufficiently large values of r that

(3:31) My, (r)(r) < My, (07 (l0g{(T(a,)[f1)gr o) lexp(B(r)Nen o }) (14 F)
where
_ My, (0™ (log{(T(a, ) [folgs + &) exp(B(r)) M f2lor 1)
My, (o' (1og{ (T (a,5) [ f1lg, + &)lexp(B(r))Nem il )’
and in view of A4 8)[f1lg1 > A(a,)[f2]g1, We can make the term F' sufficiently small

by taking r sufficiently large and therefore for similar reasoning of Case I we get
from (3.31) that T (. g)[f1 £ folgy = T(a,p)lf1lgr When A g)[f1lgr > Aa,p)lf2lg and
at least fo is of regular generalized relative growth (a, ) with respect to g;.

Likewise, if we consider A4 g)[filg; < A(a,8)[f2]g; With at least fi is of regular
generalized relative growth (o, 8) with respect to g; then one can easily verify that
T(af) [f1+ f2]g1 = T(a,B) [f2]g1

Thus combining Case I and Case II, we obtain the first part of the theorem.

Casg III: Let us consider that A\ g)[filgy < Aa,p)[filg.- Hence we get from
(3.25) for all sufficiently large values of r that

(332)  Myvsg,(r) < My (57" los(( eZﬁgff]ir)i g)>*<avﬂ>l[fﬂgl N1+ 0),
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where

G- (T(a.8)

9

S T

Mf1 (6 (1 g((%)*(a,m[h]m )))
(
[f

(
]
My (B~ (log((%)m)))

and since A(q5)[f1]gr < A(a,8)[f1lg2, We can make the term G sufficiently small by
taking r sufficiently large. Therefore in view of Theorem 3.3 and using the similar
technique of Case III of Theorem 3.13, we get from (3.32) that

(3.33) T(,B) [f1lgi+g0 > T(a,B) [f1lg:

Further, we may consider that g = g1 £ ga. As A p)lfilgn < Aa,p)lfilges SO
Ta,p)f1lg = Ta,p) [ f1lgi£g2 = T(a,p)[f1]g:- Further let g1 = (g+g2). Therefore in view
of Theorem 3.3 and A4 3)[f1]g1 < A(a,8)[f1]g, We obtain that A gy[fily < A(a,8)[f1]g
holds. Hence in view of (3.33) 74,5 [f1lg = T(a,8)[f1lg = Taﬁ)[fl]glng. Therefore

T8 f1lg = T [filgle, T pfilgre = Tl

Likewise, if we consider that A g)[f1]gy > A(a,8)[f1]g., then one can easily verify
that 7(a,)[f1lg1 49, = T(a,8)[f1]g2-

CASE IV: In this case further we consider A, g)[f1lg < A(a,8)[f1]g,-Therefore we
obtain from (3.25) and (3.27), for a sequence {r} of values of r tending to infinity
that

e L AT ) 1+ 1),

(3'34) MgliQQ (7') < Mfl (ﬂ (log((
where

H— (T(a,8) /1]

My, (B~ !(lo g((%)m)))
(

S U
My, (81 (log((ﬁ(i’;’%#))) X(e,8)F1lg1 )

Now in view of Ao g)[filgy < A(a,8)[f1]ge, We can make the term H sufficiently
small by taking n sufficiently large and therefore using the similar technique for
as executed in the proof of Case IV of Theorem 3.13, we get from (3.34) that
?(a,ﬁ) [fl]gpl:gz = ?(a,ﬁ) [fl]gl when A(a,ﬁ) [fl]g1 < /\(aﬁ) [fl]gz

Similarly, if we consider that A, g)[f1]g; > A(a,3)[f1]g,, then one can easily verify
that 7 8)[f1]g1+g: = T(a,8)[f1]g2-

Thus combining Case IIT and Case IV, we obtain the second part of the theorem.

The proof of the third part of the Theorem is omitted as it can be carried out in

view of Theorem 3.6 and the above cases. O
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In the next two theorems we reconsider the equalities in Theorem 3.1 to Theorem

3.4 under somewhat different conditions.

Theorem 3.15. Let f1, fo, g1, go be entire functions.
(A) The following condition is assumed to be satisfied:

(i) Bither 04 p)f1lgr # 0(a,p)[f2lgr 07 T(a,p)lf1lgs # T(a,p)lf2lg holds, then
(o) [f1 £ folgr = 0(a,p)[f1lgr = 00, f2lg:-

(B) The following conditions are assumed to be satisfied:

(1) Bither o(a,)f1lg # 0(a,p)[f1lg2 07 T(ap)[f1lg) # Ta,8)[f1]g. holds;

(ii) f1 is of regular generalized relative growth (a, ) with respect to at least any one

of g1 or go, then

(e, f1lgi g2 = 0(a) [f1]g1 = 0(ar,)[f1]go-

Proof. CASE I: Suppose that (4 8)[f1]g, = 0(a,8)[f2]g1 (0 < 0(a,8)[f1]g15 0(a,8)[f2]g1 <
00). Now in view of Theorem 3.2 it is easy to see that (o, 5)[f1 £ f2lg, < 0(a,8)[f1lgs =

O(a,B) [f2]g, - If possible let

(3.35) 0(a,p)lf1 E folgy < 0(a,p)f1lgr = 0(a,p)[f2]gr -

Let 0(a,8)[f1lgs # O(a,p)[f2]g- Then in view of the first part of Theorem 3.13 and
(3.35) we obtain that o, g)[filgy = 0 p)lfi £ f2 F folgy = 0(a,p)lf2]g which is a
contradiction. Hence 0(o,5)[f1 £ folgy = 0(a,8)[f1lg1 = 0(a,p)[f2]g, - Similarly with
the help of the first part of Theorem 3.13, one can obtain the same conclusion under
the hypothesis @, 5)[f1]g, # T(a,8)[f2]g,- This proves the first part of the theorem.

CASE II: Let us consider that 04 g)[f1]g1 = 0(a,8)[f1lg2 (0 < 0(a,8)[f1]g1> 0(a,8)[f1]g2
< o0) and fi is of regular generalized relative growth («, 8) with respect to at least

any one of g; or gy and (g1 £ g2). Therefore in view of Theorem 3.4, it follows that
0(e,8) [l g2 2 0(a,p)[f1]ar = 0(ap)[f1]g, and if possible let
(3.36) O(a,B) [filgitg > 9(a,B) [filg = 9(a,B) [f1lgs-

Let us consider that o(q g)[filgy # O(a,8)[f1]go- Then. in view of the proof of the
second part of Theorem 3.13 and (3.36) we obtain that o4, g)[f1]g, = 0(a,8)[f1]g1+02F02

= 0(a,B) [f1]g, which is a contradiction. Hence 0(a,8) [filgidge = 0(a,8) [filg = 0(a,8) [filgs -

Also in view of the proof of second part of Theorem 3.13 one can derive the same
conclusion for the condition (4 g)[f1lg, # (a,8)[f1]g, and therefore the second part
of the theorem is established. 0
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Theorem 3.16. Let f1, f2, g1, g2 be entire functions.

(A) The following conditions are assumed to be satisfied:

(1) (f1 £ f2) is of regular generalized relative growth (o, ) with respect to at least
any one of g1 or gs;

(i) Either o(o,p)[f1 £ folg) # 0(a,p)[f1 £ f2lgy 07 T(ap)[f1 £ folgr # T(a,p) 1 £ folgas
(iii) Either oo 5)[f1lg, # O(a,p)lfolgr 07 Tap)[filg # T(aplfolgis

(iv) Either o(q,5)[f1lg: # 0 (a,8)[f2lgx 07 T(a,8)[f1lge # T(a,8) [folge then

9(a,B) [f1 £ folgi+g, = 9(a,B) [filg = 9(a,B) [folgr = O(a,B) [filg = O(a,B) [f2lgs-

(B) The following conditions are assumed to be satisfied:

(1) f1 and fo are of reqular generalized relative growth («, B) with respect to at least
any one of g1 or gs;

(i) Bither o(a,8)[filgites 7 O(a,8)[f2lgigs 0T T(a8)[f1lgr2gs # T(a,p) [f2lgrtns

(i1i) Bither oo 5 [f1lg # (a8 filg2 07 T(a,p)filg 7 T(ap)filge:

(iv) Either o) folg) # 0 (a,8)f2lg 07 T(a,8)[folgr # T(a,8)[folge s then

9(a,B) [f1 £ folgi+g = 9(a,B) [filg = 9(a,B) [folgr = O(a,B) [filg = O(a,B) [f2lgs-

We omit the proof of Theorem 3.16 as it is a natural consequence of Theorem
3.15.

Theorem 3.17. Let f1, fo, g1, go be entire functions.

(A) The following conditions are assumed to be satisfied:

(1) At least any one of f1 or fa is of reqular generalized relative growth («, ) with
respect to qg1;

(i) Either T(,B) [fl]gl # T(e,B) [fZ]gl 0T T(a,B) [fl]g1 # T(a,B) [f?]g1 holds, then
Map) 1 £ folgy = MNa,pylfila = Aa,p)lfelgr-

(B) The following conditions are assumed to be satisfied:
(1) f1, g1 and ga be any three entire functions such that A\, g) [filg, and Aa,B) [f1lgs

exists;

(ii) Either T(a,B) [fl]gl * T(a,B) [f1]92 OT T (a,B) [fl]gl %+ T(a,B) [f1]92 holds, then

/\(aﬁ) [fl]gd:gz = )‘(oc”é’) [fl]m = )‘(a,b’) [fl]gz-

Proof. CASE I: Let A\ p)[f1]g1 = Aa,p)[folgr (0 < Aa,p)lfilgrs A,y f2lgr < 00) and
at least f1 or fo and (f1 & fa) are of regular generalized relative growth (o, ) with
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respect to g1. Now, in view of Theorem 3.1, it is easy to see that A, g) [f1 £ folg <
Na,p)lf1lgs = Aa,p)lf2lgr - If possible let

(3.37) Ma,p)lf1 £ folg < Aoyl filgr = Mayg) [f2lgr -

Let 7(a,8)[f1]g1 # T(a,8)[f2]g,- Then in view of the proof of the first part of Theo-
rem 3.14 and (3.37) we obtain that 7, 3)[f1lg) = T(a,8)[f1 £ fo F folgy = T(a,p)[f2]a
which is a contradiction. Hence A, g)[f1 £ folgy = MNa,)[f1ler = MNa,p)[f2]gr - Sim-
ilarly in view of the proof of the first part of Theorem 3.14 , one can establish the
same conclusion under the hypothesis 7, 3)[f1]g, # T(a,8)[f2]g,- This proves the first
part of the theorem.

CaSE II: Let us consider that A4 8)[f1]g1 = Aa,8) [1]g2 (0 < Aa,p) [f1lg1s A8y [f1] g2
< 00. Therefore in view of Theorem 3.3, it follows that A g)[f1]g1+g: = Aa,8)[f1len =

A(a,3)f1]g, and if possible let

(3-38) /\(017,3) [fl]gliQQ > )‘(oz,,B) [fl]gl = )‘(oz,,B) [f1]92'

Suppose T(a,8)[f1lgr # T(a,8)[f1]go- Then in view of the second part of Theorem
3.14 and (3.38), we obtain that 74 5)[f1]g, = T(a,8)[[1lg1292792 = T(a,8)[f1]g. Which
is a contradiction. Hence Ay 5)[f1lgi+g. = Aa,p)[f1lgr = Aa,p)[filg, - Analogously
with the help of the second part of Theorem 3.14, the same conclusion can also be
derived under the condition 7, 8)[f1]g; 7 T(a,)[f1]g, and therefore the second part
of the theorem is established. 0

Theorem 3.18. Let f1, fo, g1, go be entire functions.

(A) The following conditions are assumed to be satisfied:

(1) At least any one of f1 or fa is of reqular generalized relative growth («, ) with
respect to g1 and go;

(1) Either 7(a,5)[f1 + folgi # T(a,p) 1 £ folgo 07 Ta,p)f1 + folgr # T(ap)lf1 £ folge:
(i11) Either 7o) [f1lgy # T(a,8)[f2lgr 07 T(a,p)[filgr # T(a,)[folgn s

(iv) Either 7(a,5)[f1lg: 7 T(a,)[f2lg2 07 T(a,8)[f1]g2 # T(a,5)[f2]g25 then

Map) 1 £ folgigs = Map) [filgr = Aoy [f2lar = Ay [filg = Aa,p)[f2lga-

(B) The following conditions are assumed to be satisfied:

(1) At least any one of fi or fa are of reqular generalized relative growth (v, 3) with
respect to g1 + ga;

(11) Either T(a,8)[f1]gi2g: 7 T(a,p)[f2lgrtg: OT T(a,8)[f1]g1292 7 T(0,p)[f2lgrtg, hoOlds;
(iid) Either 7(a.5)[f1lg1 # T(a,0)[f1lg: 07 T(a,p)[filgr # T(a,0)[f1lgo holds;
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(iv) Either 7a,p)[folg1 # T(a,p)[f2lgz 0T T(a,p)[folgr # T(a,8)[f2lge holds, then
Mag) 1 £ folgitgs = Map) [filgn = Aoy [f2lar = M) [filge = Aa,py[falga-

We omit the proof of Theorem 3.18 as it is a natural consequence of Theorem
3.17.

Theorem 3.19. Let f1, fa2, g1, g2 be four entire functions such that o g)[filg
0(a,p)lf2lgrs 0(a,p)[f1lga and o(a p)lf2lg, are all non-zero.

(A) Assume the function g1 satisfy the following condition:

(1) g1 satisfies the Property (A);

(ii) f1, fa satisfy the Property (X), then

T(plf1 - folg = o plfilg and T plfi- folg = (aplfilg-
(B) Assume the functions g1, g2 and f1 satisfy the following conditions:
(1) f1 is of reqular generalized relative growth (a, B) with respect to at least any one
of g1 or g2 and f1 satisfy the Property (A);
(13) g1, g2 satisfy the Property (X), then,

(a8 f1lgreo = O(apfilg and T(ap)lfilgrg0 = T(ap)[f1]gi-

(C) Assume the functions f1, fa, g1 and ga satisfy the following conditions:
(1) g1 92, f1 and fo satisfy the Property (A);
(ii) f1, fa satisfy the Property (X) and g1, g2 satisfy the Property (X);
(7i1) f1 is of reqular generalized relative growth («, B) with respect to at least any
one of g1 or ga;
(iv) fa is of reqular generalized relative growth (c, 3) with respect to at least any one
of g1 or g2;
(V) O(a,plfilg = max(min{o(a,p)lfilg, 0(a.p)[filge } min{oa,p)[folgs 0(ap) [ f2lgo}] |
Il,m=1,2; then

I(ap)f1 - folgi-go = O(ap)filgm and T(ap)lfy - folgigo = T (a,p) [ filgm-

Proof. CASE I: Suppose that o(a,5)[f1]g1 > 0(a,8)[f2]g- Also let g1 satisfy the Prop-
erty (A). Now for any arbitrary € > 0, we have from (3.13) for all sufficiently large

values of r that

My, 1,(r) < My, (0™ (108 {(0(0 ) il + 5)[exp(B ()20 Uil }))

(3.39) x My, (o™ (log{(0(a,5)[ felgs + g)[eXp(ﬁ(?“))]g“”ﬁ)[fZ]gl H)-
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Since 0(a,5)[f1lg1 > 0(a,p)[f2]g1, We get that

 (ap il + 5)lep(@(r)) e e
r=+400 (0,9 [ folgr + §)[exp(B(r))] e m 2l

As Mg, (r) is an increasing function of r, therefore we get from (3.39) for all

sufficiently large values of r that

(3.40)  My,.p,(r) < [My, (o™ (log{ (0,5 filg, + %)[eXp(ﬂ(T))]QW”W“})]2~

Let us observe that
O(a,B) [fl]

Il p)ltlgr T €

O—(Oévﬁ) [fl]gl +
log(a_l(]og(g(aﬁ) [f]-]gl + 5)))[exp(ﬁ(fr-))]g(a,ﬁ)[fl]gl
log(a—l(log(a(aﬁ) [filg + %)))[exp(ﬁ(r))]é’(a,,ﬁ)[fl].ﬂ
Since g; satisfy the Property (A), in view of Lemma 2.2 and (3.41) we obtain

>1

o |

(3.41) = 0(say) > 1.

from (3.40) for all sufficiently large values of r that

My,.p,(r) < Mg, [a™ " (10g{(0(a,p)[f1]g1 + g)[exp(ﬁ(f))]%ﬂ)[m“})]‘5)

ie., My .p(r) < Mgl (log{(0(a,slfils + &)lexp(B(r))]2@mlilo })].
ford — 1+

Now in view of Theorem 3.8, we get from above for all sufficiently large values of
r that

My, 1,(r) < My,[a™ (log{(0(ap) [ filgs + €)exp(B(r))| 2ol 2l )],
eXp(a(Mg_ll(Mfrfz(r))))
fexp(3(r) o I T

(3.42) i-e.y Oap)lfi- folg < 0(aplfila-
Now we establish the equality of (3.42). Since fi, fo satisfy the Property (X),
then have My, .4, (r) > My, for all sufficiently large values of r and therefore
exp(a(M,  (My,.,(r)))) o (M, (My, (1))
fexp(B0r)) e T~ exp(B(r) e Ui
as M *(r) is an increasing function of r. So o(a)[f1 - folg = 0(a,p)[f1lg - Hence

oap)lf1 - folg < 0plfilg-
Similarly, if we consider o, p)[f1lgy < ©(a,8)[f2]g1, then one can verify that

Oap)f1 - folg = o(ap) [ folg:-

i.€.,

< (O(a,plfilg +2)
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CaSE II: Let o(q,8)[f1lgr > 0(a,)[f2]g, and g1 satisty the Property (A). Now for
any arbitrary € > 0, we have from (3.13) and (3.16) for a sequence of values of r
tending to infinity that

. _ €
My, .5, (r) < Mg, [ (log{(7(a,p)[filg, + 5)[exp(ﬁ(r))]g(“"”[f”gl})]

(3.43) x Mg, [a™" (log{(a(a,5)[ folgs + %)[exp(ﬁ(r))]%’m 2l ).

Now in view of 0(qg)[f1lg > 0(a,8)[f2]g1, We get that

i il + 5)lexp(Br)))een Pl
T (00,8) [f2lgr + 5)[exp(B(r))] %D [f2]g1

As Mg, (r) is an increasing function of r, therefore it follows from (3.43) for a

sequence of values of r tending to infinity that

My,.1,(r) < [Mg,[a™" (10g{((ap)[f1]g + %)[eXP(/B(T))]Q(“””W“})]]2-

Now using the similar technique for a sequence of values of r tending to infinity as
explored in the proof of Case I, one can easily verify that &, g)[f1- f2]g, = T(a,8)[f1]g:
under the conditions specified in the theorem.

Similarly, if we consider o(,,g)[filgy < 0(a,8)[f2]g, then one can verify that
T(aplf1- fola = T(a,p[falg-

Therefore the first part of theorem follows from Case I and Case II.

Casg IIT: Let f; satisfy the Property (A) and o g)[f1lg < 0(a,8)[f1]g, With f1
is of regular generalized relative growth («, 8) with respect to at least any one of g;
or g2. Therefore in view of (3.14) and (3.15), we obtain for a sequence of values of r

tending to infinity that

Mavon(r) < M5, (5™ o (g D)

(3.44) X Mfl (571 (log(( (U(;zi(;j](;)

1
) Q(a’g)[fl]gz )))

| [ wlm

3)
Now in view of o(qg)[f1]g1 < 0(a,8)[f1]g,; We obtain that

1
exp(a(r)) o(a,p) 1191
(G hiln—3)

(

li ]

iy (el )
—XPAT)) Y e(a,p)lf
((E(ayﬁ)[fl]QQ_%)) (a,8) 1192

= Q.



180 T. Biswas, C. Biswas & B. SAHA

As My (r) is an increasing function of r, therefore it follows from (3.44) for a

sequence of values of r tending to infinity that

(3.45) My o(r) < [, (3 log((— 2y ye.
(0(a,plfilg — §)
Now we observe that
oa,p) il — 5

> 1
O(a,B) [fl]gl —€

1
log(B~1 (log((%) (a5 U1lo1 )

= d(say) > 1.

(3.46) =

[
10g(5*1(log((%) 2. Uilor )))

Since f satisfy the Property (A), in view of Lemma 2.2 and (3.46) we obtain

from (3.45) for a sequence of values of 7 tending to infinity that

M) < My, (57 () TonfT )

s Myys(r) < M (57 G081 e;i%;) L )T )),

Now we get in view of Theorem 3.10 and from above for a sequence of values of

r tending to infinity that

My, g5(r) < My (57" (log(( (U(j’;’[gfl‘](;))_ = e )))

Since € > 0 is arbitrary, it follows from above that

(3.47) (.8 f1lgr-g2 = (a0 [ f1lg -

Now we establish the equality of (3.47). Since g1, go satisfy the Property (X),
then we have My, .q,(r) > My, () for all sufficiently large values of r and therefore
ML (r) < M '(r). Hence

exp(a (Mg, g, (M, (r)))) - exp(a(My, ! (My, (r)))
fexp(B(r)Jee Pl Texp(B(r))een Pl
as My, (r) is an increasing function of 7. So 04 g)[f1lg1-g2 < T(a,8)[f1]gr-

So O(a,B) [fl]grgz = O0(a,B) [fl]gl'
CASE IV: Suppose f; satisfy the Property (A). Also let 04, )[f1]g: < 0(a,8)[f1]g2

with fi is of regular generalized relative growth («, 3) with respect to at least any
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one of g; or go. Therefore in view of (3.14), we obtain for all sufficiently large values
of r that

1
o(a,p)lf1lgq )))

My n(r) < My (37 og(( 2T

2)

Now in view of o(q 8)[f1]g, < 0(a,8)[f1]g.» We get that

1
__exp(ar)  yo(a miler
lim ((5<a,3)[f1]g1—%)) 1

r—400

( ) 1 = Q.
exp(a(r)) 2(a,p)[71]
(T il —2y) P

As My, (r) is an increasing function of 7, therefore it follows from (3.48) for all

sufficiently large values of r that

Myyy(r) < (M, (5~ (log(( =R yammr )2

(@l files — 5)
Now using the similar technique for all sufficiently large values of r as explored

in the proof of Case III, one can easily verify that (4 g)[f1]g1-go = (a,8)[f1]g, under
the conditions specified in the theorem.

Likewise, if we consider o(q.g)[filgy > 0(a,8)lf1lg. With at least f1 is of regu-
lar generalized relative growth (a, ) with respect to gj, then one can verify that
7 (a,8)[f1lg1-92 = T(a,3)[[1] g2

Therefore the second part of theorem follows from Case III and Case IV.

Proof of the third part of the Theorem is omitted as it can be carried out in view

of Theorem 3.11 and the above cases. O

Theorem 3.20. Let f1, f2, g1, g2 be four entire functions such that A g)[filg
Mag)lf2lgrs M)l filge and Ao, gyl f2lg, are all non-zero and finite.

(A) Assume the functions fi, fo and g1 satisfy the following conditions:

(1) At least fi or fo is of reqular generalized relative growth (o, B) with respect to g1
fori, j =1,2 and i # j;

(13) g1 satisfy the Property (A) and f1, fo satisfy the Property (X), then

Ta,p) 1 folgy = Taplfilg and T(ap)[f1- folgr =T () filg:-

(B) Assume the function fi satisfy the following condition:
(1) f1 satisfy the Property (A) and g1, g2 satisfy the Property (X), then

T(a,8) [ f1lg1-92 = T(a,8)[f1]g; and T(a,p)[f1lg1-90 = T(a,)[f1]gs-
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(C) Assume the functions fi, fa, g1 and go satisfy the following conditions:

(1) g1 - g2, f1 and fo are satisfy the Property (A);

(13) f1, f2 satisfy the Property (X) and g1, go satisfy the Property (X);

(7i1) At least f1 or fo is of regqular generalized relative growth («, ) with respect to
g1 fori=1,2,5=1,2 and i # j;

(tv) At least f1 or fa is of reqular generalized relative growth (o, ) with respect to
go fori=1,2,7=1,2 and i # j;

(v) Map)lfilgm = min[max{Aa,g)[filg: Ao, f2lg: b max{Aa,p)[f1lg2s Aa,8) [f2lga H |
I,m=1,2; then

T(,B8) [fl : f2]91~92 = T(a,B) [fl]gm and T(a,B) [fl : f2]g1-gz = T(a,8) [fl]gm‘

Proof. CASE I: Suppose Ao 5)[f1]g1 > Aa,)[f2]g, With at least fi or fa is of regular
generalized relative growth («, #) with respect to g; and g1 satisfy the Property (A).
Now for any arbitrary € > 0, we obtain from (3.23) and (3.26) for a sequence values

of r tending to infinity that

Mj,.1,(r) < My, (a7 (log{ (710, [fil s + 5)lexp(B(r) N0 Vil }))

(3.49) x My, (o™ (08 (T(a,p) [ folgs + 5)lexp(B(r)) e B ),

Now in view of )‘(a,,@) [fl}gl > )‘(a,,@) [fg}gl, we get that

L (Tl + Slep@E)Pestiln

rteo (?(a,ﬁ) [f?]gl + %) [eXp(ﬁ('r))])‘(a,,B) [f2lgy

As Mg, (r) is an increasing function of r, therefore we get from (3.49) for a se-

quence of values of r tending to infinity that

(350)  My,op,(r) < [My, (o™ (10g{ (0, iy + )lexp(B(r)) Nl )P

Now using the similar technique as explored in the proof of Case I of Theorem
3.19 we obtain from (3.50) that

T(a,8) L1+ folg = T(a,8)[f1lg:-

Similarly, if we consider A, 5)[f1]g; < A(a,)[f2]g With at least fi or fa is of regular
generalized relative growth (o, 5) with respect to g, then one can easily verify that
T,p)[f1 " folg = T(a,p)[f2lgr-

CASE II: Let Ao g)[f1]g1 > Aa,p)lf2]g With at least fi or fo is of regular general-
ized relative growth («, 8) with respect to g1 and g; satisfy the Property (A). Now
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for any arbitrary € > 0, we get from (3.23) for all sufficiently large values of r that

My, 1,(r) < My, (0 (108 {( oy il + 5)lexp(B(r)) el )

(3.51) X Mg, (o™ (log{(T(a,p) [ folg: + g)[exp(ﬁ(r))]A<a’B)[f2}gl}))-

Now in view of )‘(a,ﬁ) [fl}gl > )‘(a,ﬁ) [fg}gl, we get that

li (T(a,p) il + %)[eXp(ﬁ(r))])‘(a,ﬁ)[fﬂgl B
im A oL =
00 (T (a,p) [f2lgr + §)[exp(B(r))] (@m 120

As My, (r) is an increasing function of r, therefore we get from (3.51) for all

sufficiently large values of r that
€

(3.52)  My.p,(r) < [Mg, (o (log{(T(a,5)[filg + §>[exp(ﬁ(r))]“‘ﬁ)[ﬁ]“})]2-

Now using the similar technique as explored in the proof of Case I of Theorem
3.20 we obtain from (3.52) that 7(, g)[f1 - f2lgy = T(a,8)[f1]g, under the conditions
specified in the theorem.

Likewise, if we consider A\ g)[filgy < A(a,p)lf2lgn With at least f; or fp is of
regular generalized relative growth («, ) with respect to gi, then one can easily
verify that 7, g)[f1 - f2lgy = T(a,8)[f2)g1-

Therefore the first part of theorem follows Case I and Case I1.

CaSE I1II: Let Ao p)[filgs < A(a,p)[f1]g. and f1 satisfy the Property (A). There-
fore in view of (3.25) we obtain for all sufficiently large values of r that

Marlr) < 05, 5™ o ) o)

(3.53) x My, (B~ (log(( (T(QG;FE}?]Z)

| ~— ooy

1
)A(a,ﬁ)[h]gg )))

3)
Now in view of )‘(a,ﬁ) [fl}gl < )‘(a,ﬁ) [fﬂgQ, we get that

R S
(-~ eXP(Oé(T))_g ) Mep) [Filon
lim (T(a,8)f1]g1— 5 :

r%Jroo(( exp(a(r)) )A(aﬁ)[fl]gQ

€

T(a,B) [fl]gz _5)

= OQ.

As My, (r) is an increasing function of 7, therefore it follows from (3.53) for all

sufficiently large values of r that

exp(a(r))

X il 2
Coan il —5)) )

(3.54) My, .g,(r) < [M, (87 (log(( )
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Now using the similar technique as explored in the proof of Case III of Theo-
rem 3.19 we obtain from (3.54) that 7, 5)[f1lg1-g0 = T(a,8)[f1lgr- I Ao lf1lgn >
A(a,8)f1]gy, then one can easily verify that 7, 8)[f1]g1-g92 = T(a,8)[f1]g2-

CaSE IV: Suppose A(qp)lfilgn < Ma,p)lfilg, and f1 satisfy the Property (A).
Therefore in view of (3.25) and (3.27) we obtain for a sequence of values of r tending
to infinity that

Mg, .g,(r) < Mfl(ﬁfl(log(( — eXp(a(r))_ E))’\(aﬂ)l[fl]f]l)))
2
)

(T(a)[f1]g

(3.55) x My, (B~ (log(( (T(ae;{ﬁ%ir)

1
)/\(a,g)[fﬂgg )))

3)

Now in view of A, )[f1lg1 < A(a,)[f1lg2, We get that

1
exp(a(r)) AMa,p)l1lg
lim ((?(aﬁ)[fl]fn—%)) '

. = 00.
r—>+oo(( exp(a(r)) )A(aﬁ)[fl]gz

=&

T(a,8)f1l90—5

As My (r) is an increasing function of r, therefore it follows from (3.55) for a

sequence of values of r tending to infinity that

(356)  Mygy(r) < [My, (5~ (og(( =Ry xe5mmn )y

(T(a,ﬁ) [fl]gl %)

Now using the similar technique as explored in the proof of Case III of Theorem
3.20, we obtain from (3.56) that T(4 8)[f1lg1.9» = T(a,8)[f1]g,- Similarly if we con-
sider that )‘(a,B) [filg > )\(aﬂg) [f1]gs, then one can easily verify that T(,8) [f1lg1-go
= T(a,8)f1]go- Therefore the second part of the theorem follows from Case III and

Case 1V.
Proof of the third part of the Theorem is omitted as it can be carried out in view

of Theorem 3.12 and the above cases. O
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