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FRACTIONAL VECTOR CROSS PRODUCT

MUKUT MANI TRIPATHI?® AND JONG RyurL Kim P *

ABSTRACT. A definition of fractional vector cross product of two vectors in Eu-
clidean 3-space is presented. The formulas for Euclidean norm of the fractional
vector cross product of two vectors, and for fractional triple vector cross product
are obtained.

1. INTRODUCTION

A good source of history of vector analysis is the well-known book presented
by M.J. Crowe in 1967 [1]. Recently, in 2013, S. Das [2] gave a simple geometric
method to derive fractional cross product operation and used the concept to derive
fractional curl. Then, he noted down elaborate formulations that were useful for
applications in electrodynamics, elastodynamics and fluid flow etc. In this paper,
we present a suitable definition of fractional vector cross product of two vectors in
Euclidean 3-space, which agrees with the definition given in [2]. Then, we obtain
some basic properties of fractional vector cross product which include the formulas
for Euclidean norm of the fractional vector cross product of two vectors, and for

fractional triple vector cross product.

2. FRACTIONAL VECTOR CROSS PRODUCT

In accordance with the concept of fractional vector cross product introduced in

[2], we give the following definition.

Definition 2.1. Let R? be the Euclidean 3-space equipped with the standard inner
product denoted by (-,-). Let (e, ez, e3) be standard orthonormal basis of R3, and
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a € [0,1] areal number. Then, for vectors a = aje;+ages+ases, b = byer+baea+bses

in R3, the a-fractional vector cross product is defined by

ax*b = {(agbg—agbg)sm( >+(a2+a3)blcos<a2w)}el
+{(a3b1—a1b3 sm(om) (az + a1) be cos (0477)}62
)+ (

2 2
(2.1) + {(ale — agby) sin (a %) } es.

s

5 (a1 + ag) bs cos

From (2.1), we immediately get

(2.2) e; X% e; = cos <ﬂ> ej + sin <%> ks
2 2

(2.3) ej X% e; = cos (ﬂ) e; — sin (%> €k,
2 2

(2.4) e x%e =0, (e{1,2,3},

where (7,7, k) is a cyclic permutation of (1,2,3). The equations (2.2), (2.3) and
(2.4) include the equations (2) and (3) of [2]. Assuming (2.2), (2.3), and (2.4), and

linearity, one can recover (2.1). The equation (2.1) can be written as
o . [am
ax®b = sin (7) {(a2bs — azb2) e1 + (azby — a1bs) ez + (a1b2 — azby) e}
a
(2.5) + cos (%) {(az + a3) bier + (as + ay) baea + (a1 + az) bses},
or

. sam
ax®b = sin (7) {(CLng — agbz) e + (a3b1 — albg) €2 + (albg — agbl) 63}

(2.6) + cos (%) (a1 + ag + ag) b — cos (%) (arbrer + agbaes + agbses) .
Considering a x® b, as a column vector in R3, we have
(2.7)
(az + as3) cos (%) —agzsin (0‘2—”) as sin (0‘2—”) by
ax*b= assin (%) (az + ap) cos (%) —aq sin (%) bo
—a9 sin (0‘—2”) a1 sin (0‘—2”) (a1 + ag) cos (0‘7) b3

Thus, considering a € R? as a fixed column vector in R?, we see that a x®b : R? — R3

is a linear function given by (2.7).
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The 1-fractional vector cross product is simply the standard vector cross product,

denoted by a x b. Thus, in particular, we recover

axb = (agbg — agbg) e1 + (a;»,bl — a1b3) ey + (albg — agbl) es
€1 €9 €3 a2b3 — a3b2 0 —as a9 b1
= det a1 as a3z |=| asbi —aibs |= as 0 —ai by ,
bl b2 bg a1b2 — a2b1 —a aq 0 b3
€; X e = —e; X ej = e,

ep X ep =0, ¢e{1,2,3},
where (i, 7, k) is a cyclic permutation of (1,2, 3).
The equation (2.7) can also be expressed by

€1 ey €3
ax*b = sin (%) det| a1 as a3
b1 b b3

ar (az + as3) 0 0 b1

4+ cos <7> 0 (as+ aq) 0 ba

0 0 (a1 + a2) b3

Then we can see that the fractional curl V x® F for a vector field F' = (f,g,h) is

€1 €2 €3

Vx*F = sin (%) det g% gz g%
I g h
o o
QT e o™
+ cos (?> 0 (% + %) 0 g
0 0 (&+%) "
ox oy

as given by S. Das in [2].

3. SOME BAsic FORMULAS

Throughout the paper « € [0,1] is a real number, and A € R is any real number.
Also, a = aje; + asea + asges, b = biey + baes + bses, and ¢ = cie; + coea + c3e3
are assumed to be arbitrary vectors in R3. The fractional vector cross product will

mean the a-fractional vector cross product.

Theorem 3.1. The fractional vector cross product satisfies

(3.1) ax®(b+c)=axb+axc,
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(3.2) (a+b) xc=axc+bx%c,
(3.3) (Aa) x“b=a x® (\b) = X (a x* b),

(34)  (a,ax*b) = {arbi (a2 + a3) + azbs (a3 + a1) + asbs (a1 + a2)} cos (%) ;

(3.5) {a,a x*b) = cos (%) (a1 + az + a3) {a,b) — cos (%) (a%bl + a3bs + a3bs)

(36)  (baxb) = {8} (a2 +ag) + 3 (a3 + 1) + b5 (a1 + a2) } cos (7).
(3.7) (bya x*b) = cos (%r) (a1 + ag + as) ||b]|* — cos (%) (a1bf + asb3 + asb3) .

Proof. In view of (2.7), the relations (3.1), (3.2), and (3.3) are obvious. From (2.5),
we get (3.4) and (3.6). From (2.6), we get (3.5) and (3.7). O

In view of (3.4) and (3.6), we can state the following

Corollary 3.2. The fractional vector cross product satisfies

<a +b,a x* b) = {(a1 + bl) (CLQ + ag) by + (ag + bg) (ag + al) by
+ (a3 + b3) (a1 + a2) b} cos (%) ,

ag+bs a1 +by as+ by

(a+byax¥b)y—(a+bbx%a) = det ap as as cos (%)
by b2 b3
as+by az—+bsy ay+by o
—det al as as cos (7) .
bl b2 b3

Corollary 3.3. The vector cross product in R satisfies
(a,a x by = (b,a x by = 0.
Corollary 3.4. The vector cross product in R3 satisfies

(a,a xb) = (bya x by =0.

Example 1. We have

<ez’7€i x% €j> = <€j,€i X< €j> = 0.
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Corollary 3.5. The fractional vector cross product satisfies

ax*b+bx%a = cos (%) ((a1 4+ a2 +az) b+ (by + b2 + b3) a)
(3.8) —2cos <%> (a151€1 + asboes + a3b3€3) .

Proof. In view of (2.6), we get ( 3.8). O

Corollary 3.6. The vector cross product in R3 satisfies

axXxb+bxa=0.

Example 2. We have

AT
e; X< ej+e; x% e; = cos (7> (ei +6j) .

Corollary 3.7. The fractional vector cross product satisfies

lax@ B2 = Jlall2 b2 — (a,8)? + {20205 (B2 — bobs)
+2aga1 (W — babs) + 2a1a (8] — bibz) }cos” (57 )

al bl a2b2 as bg

— det a1 az as sin (ar) ,
bl b2 b3
b x*a|® = |la|®[b]% = (a,b)? + {2babs (a? — aga)
+2b3by (a% — a3a1) + 2b1by (ag — alCLQ)}COSQ (%)

al b1 agbg a3b3
—det by by b3 sin (a) ,
a as as

Consequently,
la x*blI> — b x*al* = 2{asasb} + azaib? + aiazb
—bgbga% — bgbla% — blbgag} COS2 (%)

aq b1 a9 b2 as b3
—2det | a1 a2 a3 |sin(am).
by by b3

Proof. From (2.1), we get
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ax®pl]? = asbs — asbs 2 5in2 l + a2+a32b26082 alll
2 ! 2
+ (CLng — ang) (ag + a3) by sin (ONT)
+ (a3b1 — aybs 2 sin ( 27T> + (a3 + CL1) b2 cos (%)
+ (a1be — agzby Zgin ( ;) + (a1 + a2)2 bg cos (%)

+ (a1be — azby) (a1 + az) bz sin (ar)
_ 21112 _ 2 2 (aT
= {lalP 101 = {a,8) psin? (57)
+ {(az +a3)? b2 + (as + a1)? b2 + (a1 + az)? b2} cos (%)
+ {(agbz — azbz) (a2 + a3) b1 + (azby — a1b3) (az + a1) by
+ (a1b2 — agb1) (a1 + ag) bz} sin (o) .

)

+ (agby — a1bs3) (a3 + a1) be sin (am)
)
)

From

(agbs — agba) (a2 + az) by + (asby — a1b3) (asz + a1) be
+ (a1bg — agby) (a1 + a2) bs
= (a3bibs — a3bibs — asasbibs + asasbybs)
+ (a3b1bs — afbsbs + atasbibs — ayasbabs)
+ (a3babs — a3b1bs — arazbibs + ajazbabs)
= (a2a3b1b3 — azasbibs) + (arasbiby — ajazbabs) + (a1a2babs — ajasbibs)
= agagb1bs — azaszbiby + a1azbibe — a1aszbebs + a1azbabs — a1azbibs
airb1 asby asbs
= —det al as as ,
b1 bo bs
it follows that
laxol® = {llall” ol” = (a,5)” } sin? ()
+{llal 16]” = {a,)* + 20205 (83 ~ babs)
+2asaq (b% — b3b1) + 2a1a9 (b% - blbg) } cos? (%)

al bl a2b2 agbg
—det| a1 a2 a3 sin (a) .
b1 bo b3
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Corollary 3.8. The vector cross product in R3 satisfies
la x blJ* = [lb > al|* = [lal* Ib]* — (a,b)*.
Example 3. We have
lei x® el|* = lleg x® eil* =

Corollary 3.9. The fractional vector cross product satisfies

a]; ag asg
(a x*b,c) = sin <a2 ) det | b1 b2 b3
Cc1 C2 cC3

aTm
— COS (7) (a1b161 + agbaco + agbgcg)

(3.9) + cos (%

5 )(a1+a2—|—a3)(b,c>.

Proof. The proof follows from (2.6). O

Corollary 3.10. The vector cross product satisfies

ay ag as
(3.10) (a X b, C> = det by by b3
it C2 (3

Remark. From (3.10), it is well-known that (a x b,c) = (b X ¢,a) = (¢ X a,b). Ge-
ometrically, (a x b, c) is the volume of the parallelepiped consisting of three vectors
a,b,c. Because of the last term in (3.9), in general, it follows that (a x*b,c) #

(b x“ c,a). However, from (3.9), we have

(07 (07
(1 %™ e3,€5) = (e X eg,e1) = (e X exyen) = sin () =sin (5 ) (ex x e2,¢4).

Now, we obtain a formula for fractional triple vector cross product.

Corollary 3.11. The fractional vector triple product satisfies
(a x*b) x“c = sin ( )((ac>b—< c)a)
—i—cos( ){sm( ) (a1 +az+as)bxc

—sin ( 5 ) (ar1bre; + agboes + asbses) x
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1 1 1
. sam
+ sin (?> det| a1 a2 ag |c
bi by b3

+ ((ag + a3) b1 + (a3 + al) by + (a1 + az) bg) c

Ci1€1 (22 C(C3€3
) det a1 a2 as
b1 by b3

aT
2
aT
7) (a1 + a2 + as) (bicier + bacoes + byczes)
(6%
(3.11) ~+ cos (%) (ar1bicier + agbacoes + 03()36363)} .

Proof. For any vectors ¢ = cie + caea + c3es3 and d = die; + does + dses in R?, in

view of (2.6), we have
dx%c = sin <%> {(dacs — dsca) e1 + (dscy — dics) ea + (dica — dacy) es}
+ cos <%) (d1 + da + d3) ¢ — cos (%) (dicrer + dacaes + dscses)
= sin (%) d x ¢+ cos (%) (di+da+ds)c

(3.12) — cos (%) (dicrer + dacaes + dscses) .

Letting d = a x® b, in view of (2.1), using

di = (agbz — agby)sin (%) + (a1 + az + a3) by cos (%) — a1by cos <%) ,
dy = (asb; —ayb3)sin (%) + (a1 4 az + a3) by cos (%) — asby cos <%) ,
ds = (a1by —agbp)sin (%) + (a1 4 az + a3) bz cos (%) — agbs cos (%) ,

in (3.12), we get

—
S
X

(ax®b) x%¢ = sin? <%> b) X ¢

2

n (cwr
cos | —
2

—sin

%) (a1 + a2 +ag)bxc

(aﬂnel + asboes + a363€3) X c

Q =
&,
=

/N
Q

+ sin ((a2bs — asba) + (agby — a1bs) + (a1ba — agby)) ¢

+ cos ((a2 +a3) by + (a3 + a1) ba + (a1 + az) bs) ¢

P N N

NENERIE
— —
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— (sin <%) (agbs — asbs) c1e1 + cos (Oﬂ> (a2 + a3) blclel>

2 2
. am am
— (Sln <7> (a3b1 — a1b3) Co€2 + COS (7> (a3 + CL1) 526262>
. sam QT
— (sm <7> (a1b2 — CLle) c3es3 + cos <7> (a1 + CLQ) b36363>} s
or
(a x¥b) x%¢
— sin? (7 ({a,c) b — (b, ) a)
s (6
+ cos (7> {sm <7> (a1 4+ a2 +az)bxc
—sin <%> (a1b1€1 + asboey + agbgeg) X c
. sam
—+ sin <7) ((agbg — a3bg) + (agbl — albg) + (a1b2 — a2b1>) c
aT
+ cos (7) ((a2 +a3) by + (a3 + a1) ba + (a1 +az) bs) ¢
. sam
— Sin (7) ((a2b3 — agbg) cie] + (a3b1 - Cblbg) coey + (albg - agbl) 0363)
T
— COS (7> ((a2 + a3) blclel —+ (a3 —+ al) bQCQGQ —+ (al —+ ag) bgcgeg)} .

or

1 1 1
det| a1 a9 ag |c

)

) by by b3
) ((a2 + a3) b1 + (a3 + a1) ba + (a1 + ag) bs) c
)

Ci1€1 C2€2 C3€3
det al as as
bt by b3

— CoS (%) ((ag + a3) bicrer + (a3 + al) bocoes + (a1 + CLQ) b363€3)} .

From the above equation, we get (3.11). O
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Example 4. We have

(e1 X% eg) X% e3 = cos (%) {sin (%) e1 + cos (%) 63}

and, in particular, we have (e; X eg) X eg = 0.

4. CONCLUSION

In this paper, we present basic mathematical formulas of fractional cross product,
which can be applied in fractional calculus. By assuming the equations of (2.2), (2.3)
and (2.4) geometrically for the definition of fractional cross product, the fractional
curl of Electromagnetic vector field can be easily derived. So these formulas could

be very useful for fractional calculus.
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