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FUZZY IDEALS IN I'-BCK-ALGEBRAS

ARSHAM BORUMAND SAEID ®*, M. MURALI KRISHNA RAOP AND
RAJENDRA KUMAR KONA ¢

ABSTRACT. In this paper, we introduce the concept of fuzzy ideals, anti-fuzzy ideals
of '—=BCK-algebras. We study the properties of fuzzy ideals, anti-fuzzy ideals of
I'—~BCK-algebras. We prove that if f~!(u) is a fuzzy ideal of M, then yu is a fuzzy
ideal of N, where f: M — N is an epimorphism of '-BCK-algebras M and N.

1. INTRODUCTION

In 1995, M. Murali Krishna Rao introduced the notion of a I'—semiring as a
generalization of I'—ring, a ternary semiring and a semiring [12]. M. Murali Krishna
Rao studied I'—semiring as a generalization of a soft semiring [16]. We studied
I'-BCK-algebra as a generalization of a soft BCK-algebra [3]. As a generalization of
a ring, the notion of a I'—ring was introduced by Nobusawa in 1964. Sen introduced
the notion of a I'—semigroup as a generalization of a semigroup [18]. M. Murali
Krishna Rao studied a regular I'—incline, a I'—group, and a I'=Field [13, 14, 15].
The important reason for the development of a I'—semiring is a generalization of
results of rings, I'—rings, semirings, semigroups, and ternary semirings.

By an algebra (groupoid) we mean a non-empty set G together with a binary
multiplication and a some distinguished element 0. Such an algebra is denoted by
(G,-,0). Each such algebra will follow equality axioms and the rule of substitution
as well as some other rules. Many of such algebras were inspired by some logical
systems. For example, so-called BCK-algebras are inspired by a BCK logic. We have
BCK-algebra and BCK positive logic, BCI-algebra and BCI positive logic, positive

implicative BCK-algebra and positive implicative logic, implicative BCK-algebra
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and implicative logic and so on. The connection between such algebras and their
corresponding logics is much stronger. Therefore one can give a translation pro-
cedure which translates all well formed formulas and all theorems of a given logic,
into theorems of the corresponding algebra. Iseki and Tanaka, based on these re-
lationships introduced a new class of general algebras named BCK-algebras Every
BCl-algebra M satisfy 0 * x = 0, for all x € M is a BCK-algebra. Residuated lat-
tices, Boolean algebras, MV-algebras, BE-algebras, Wajsberg algebras, BL-algebras,
Hilbert algebras, Heyting algebras, NM-algebras, MTL-algebras, Weak —R, alge-
bras, etc., can be expressed as particular cases of BCK- algebras. BCK-algebras
have been studied by many mathematicians and applied to group theory, functional
analysis, probability theory, topology and so on. Ideal theory plays an important
role in studying of these algebras. BCK-algebras are the algebraic formulation of
the BCK system in combinatory logic, which has applications in the language of
functional programming. Hong, S. M., Jun, Y. B. studied anti fuzzy ideals in BCK-
algebras. In 1991, Xi applied the concept of fuzzy subsets to BCK-algebras and
studied fuzzy BCK-algebras, introduced by Imai and Iseki [7].

Many real-world problems are complicated due to various uncertainties. In ad-
dressing them, classical methods may not be the best option. To mention a few,
artificial intelligence plays a vital role in dealing with uncertain information by
simulating the people’s needs comprising of uncertain data. Several theories like
Probability, Randomness, Rough sets were introduced. In addressing uncertainty,
one of the appropriate theory is the fuzzy set theory. Zadeh in 1965 developed the
fuzzy set theory [19]. Many papers on fuzzy sets appeared, showing the importance
of the concept and its applications to logic, group theory, ring theory, multi agent
systems, machine learning, information processing, real analysis, topology, measure
theory, etc. Rosenfeld introduced the fuzzification of algebraic structure, and he
introduced the notion of fuzzy subgroups in 1971 [10]. Fuzzy algebraic structures
play a vital role in mathematics with wide applications in many branches such as
theoretical physics, computer sciences, control engineering, coding theory etc.

This paper aims to introduce the concepts of fuzzy subalgebra, fuzzy ideals,
homomorphism and epimorphism in terms of I'-BCK- algebras, study some of the

properties and relations between them.
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2. PRELIMINARIES

In this section, we recall the following definitions and results which are necessary

for completeness.

Definition 2.1 ([12]). Let M and I' be two non-empty sets. Then M is called a
I'—semigroup if there exists a mapping M x I' x M — M (the images of (x,a,y)
will be denoted by zay, x,y € M,« € T') such that,

zxa(yBz) = (zay)pz, for all x,y,z € M,a, 3 €T.

Definition 2.2 ([12]). Let (M,+) and (I, +) be commutative semigroups. Then
M is said to be I'—semiring M if there exists a mapping M x I' x M — M (the
images of (z,a,y) will be denoted by zay, z,y € M,«a € I") such that it satisfies,
(i) za(y + z) = zay + zaz,
(ii) (z +y)az = zaz + yaz,
(ili) z(a+ By = zay + zPy.
(iv) za(yBz) = (xay)pBz, for all z,y,z € M and o, 3 € T,

Every semiring M is a '—semiring with I' = M and ternary operation as the

usual semiring multiplication.

Definition 2.3 ([12]). A I'—semiring M is said to have zero element if there exists
an element 0 € M such that, 0+ 2 =z = 2+ 0 and Oax = za0 = 0. And M is said

to be commutative I'—semiring if xay = yax, for all z,y € M,a €T

Definition 2.4 ([12]). Let M be a I'—semiring. An element a € M is said to be
idempotent of M if there exists a € I', such that ¢ = aca and a is said to be «
idempotent. And an element a € M is said to be reqular element of M if there exist
x € M,a, €T such that a = aaxfa. Every element of M is a regular element of

M then, M is said to be regular I'—semiring.
Definition 2.5 ([5]). An algebra (M, *,0) is called a BCK-algebra if it satisfies the

following axioms

1) [(zxy) * (zx2)] * (2 xy) =0,

i) (25 (4 9)) +y =0,

iii) x xx =0,

iv) 0%z =0,

v)xxy=yx*xx =0 imply x =y for all z,y,z € M.

We can define a partial ordering < on M by x <y if and only if z xy = 0.
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Theorem 2.6. In any BCK-algebra (X, *,0), the following hold,
i) (@ry)*(y*z) < zxy,

it) v * [z *x (zxy)] < zx*xy,

iii) 0 < z,

) xxy =0, if and only if x < y,

v)x <y impliesx*xz <yx*xzand zxy < z*x,
vi) (xxy)xz=(r*2)*y,

vii) xxy < z, if and only if v xz <y,

viii) 0% (zxy) = (0% x) * (0% y),

iz) (xxy)xx =0,

z) (xxz)*x(yxz) <axx*y, foral xz,y,z € M.

Definition 2.7 ([11]). A BCK-algebra M is said to be commutative if y * (y * x) =

x* (z*xy).

Definition 2.8 ([11]). A non-empty subset I of a BCK-algebra M is called a sub-
algebra of M, if xxy € I, x,y € I.

Definition 2.9 ([11]). Let M be a BCK-algebra and I be a non-empty subset of
M. Then [ is called an ideal of M if i) 0€Tii)xxyel,yel =xzel.

Definition 2.10 ([11]). A BCK-algebra M can be partially ordered by x < y if and
only if z %y =0, for all z,y € M. This ordering is called a BCK ordering.

Definition 2.11 ([11]). Let M and N be BCK-algebras. A map f: M — N is
called a homomorphism if f(z xy) = f(z) * f(y), for all z,y € M.

Definition 2.12 ([11]). Let M and N be BCK-algebras and f : M — N be a
homomorphism. Then the set {x € M/f(a) = 0} is called a kernel of f and it is
denoted by kerf and the set {f(z)/x € M} is called image of f and is denoted by

Im(f).

Definition 2.13 ([3]). Let M be a set with element 0 and I" be a non-empty set.
If there exists a mapping M x I' x M — M (images to be denoted by zay, for all
x,y € M and « € I) satisfies the following axioms:

D) [(zay)B(zaz)]B(zay) =0,

i) zay =yoaxr =0= x =y,

iii) zax = 0,

iv) Oaz =0, for all o, B €T, z,y,2 € M. Then M is called a '-BCK-algebra.
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Note: Let M be a '-BCK-algebra and « € I". Define a mapping *« : M x M — M
such that a * b = aab for all a,b € M. Then (M, *,0) is a BCK-algebra and it is
denoted by M,.

Example 2.14. Let M = {0,a,b,¢,d,e} and I' = {«,3,7,9,%}. The ternary
operation is defined by the following tables

al0 a b ¢ d e |0 a b c de v|0 a b c d e
0j0 OO OOO O|0OODOOT OO 0{OOOOTGOO O
ala 0 a a a a ala 0 b b b b ala 0 ¢ ¢ ¢ c
bbb 0b b b bbb c 0 c cc blbdOddd
cle ¢ ¢ 0 ¢c ¢ cle dd 0 dd clec e e 0 e e
dld d d d 0 d d|d e e e 0 e d|d a a a 0 «a
ele e e e e 0 ele a a a a 0 ele b b b b O
010 a b ¢c de |0 a b c de
0|0 OOOOO 0|O0OOO0OOTOTO
ala 0 d d dd ala 0 e e e e
blb e 0 e e e b|lb a 0 a a a
cle a a 0 a a clec b b 0 b b
dild b b b 0b d|d ¢c ¢ ¢ 0 ¢
ele ¢c ¢c ¢c c 0 ele dddd 0

Let N = {0,1,2,3} and I' = {«,3}. The ternary operation is defined by the

following tables

a0 1 23 [0 1 2 3
0/0 000 0[/00O0 O
111022 1|10 11
212 303 2|2 20 2
313110 3|3 3 30

Then M and N are '-BCK-algebras.

Example 2.15. Any BCK-algebra (M, ,0) can be considered as I'-BCK-algebra
if we choose I' = {0} and the ternary operation z0y is defined as (z * 0) * y for all
x,y € M.

Let M = {0,b1,bs,b3}. The binary operation xis defined by the following table

£ [0 by by b
00 0 0
bi b 0 0
bo |by b1 O
by | by by b3

w

o O OO
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Then M is a BCK-algebra.
If ' = {0} the ternary operation z0y is defined by the following table

00 b by by
0/0 0 0 0
bilbi 0 0 0
bo|by b O O
by |by b3 b3 O

Then M is a I'-BCK-algebra.

Definition 2.16 ([3]). A non-empty subset I of a I'-BCK-algebra M is called a
subalgebra of M, if xay € I, for all x,y € M, a € T".

Note: Let I be a subalgebra of a '-BCK-algebra M. Then 0 € 1.

Definition 2.17 ([3]). Let M be a I'-BCK-algebra and I be a non-empty subset
of M. Then I is called an ideal of M if i)0€Tii)zayel,acl,yel=zecl.
M and {0} are trivial ideals. An ideal I is proper if I # M.

Definition 2.18. A I'-BCK-algebra M is said to be commutative if ya(ypx) =
xa(zfy), for all z,y € M, o, 5 € T.

A I'-BCK-algebra M can be partially ordered by x < y if and only if xay = 0, for
all a € I',z,y € M. This ordering is called a '-BCK ordering.

Theorem 2.19 ([3]). Let M be a I'—BCK-algebra. Then the following are equivalent
(1) M is a commutative I'—BCK-algebra,
(17) x <y =z =ya(yfz), for alla,f €T, z,y € M.

3. Fuzzy IDEALS IN [-BCK-ALGEBRAS

In this section, we introduce the concepts of a fuzzy subalgebra, a fuzzy ideal,
an anti fuzzy ideal of '-=BCK-algebras and and study the properties of (anti) fuzzy
ideals of I'-BCK-algebras.

Definition 3.1. A fuzzy subset p of a '—=BCK-algebra M is called a fuzzy subalgebra
of M if pu(xay) > min{u(z), u(y)} and a (anti) fuzzy ideal of M if

1) p(0) = p(@)(u(0) < p(x)),

i) p(x) = min{p(zay), p(y)}(p(z) < max{p(zay), u(y)}), for all z,y € M, € T'.



FUZZY IDEALS IN I'-BCK-ALGEBRAS

435

Example 3.2. Let M = {0,a,b,c,d} and I" = {a, 3,7,0}.Then ternary operation

is defined with the following tables

al0 a b ¢ d B0 a b ¢ d
0j]0O OO OO Oj]OO0OODODWO
ala 0 a a a ala 0 b b b
bbb 0Ob b bbb c 0 ¢ ¢
cle ¢c ¢ 0 ¢ ¢clec ¢ d 0 d
dld d d d 0 d|d a a a 0
10 a b ¢ d 6|0 a b ¢ d
0/0 OOO O 0|0 O OO0 a
ala 0 ¢c ¢ ¢ ala 0 d d d
bbb d 0dd blb a 0 a a
clec a a 0 a ¢|lec b b 0 D
did bbb 0 dld ¢ ¢ ¢ O

Let tg < t1 <ty < t3 < t4 such that tg,t1,t9,13,t4 € [0, 1].

Define p : M — [0,1] such that p(0) = to,pu(a) = t1,u(b) = to,u(c) = t3, and

u(d) = t4. By routine verification, p is a fuzzy subalgebra and an anti fuzzy ideal of

the I'-BCK-algebra M.

Lemma 3.3. If i is a fuzzy subalgebra of a T'—BCK-algebra M, then u(0) > p(x),

for all x € M.

Proof. We have xax =0 for all « € T',x € M. pu(0) = p(rax) > min{u(z), u(x)}

pu(z). Hence p(0) > p(z).

0

Corollary 3.4. If i is an anti fuzzy subalgebra of a T'— BCK-algebra M, then u(0) <

w(z), for all z € M.

Theorem 3.5. If p is a fuzzy ideal of a T'—BCK-algebra M, then x <y = p(x) >

1(y))-

Proof. Let i be a fuzzy ideal of a '-BCK-algebra M and z,y € M
such that z <y and a € I'. Then

p(z) > min{p(zay), u(y)}
= min{u(0), u(y)}
= u(y).
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Lemma 3.6. Let p be a fuzzy ideal of a '—BCK-algebra M. If the inequality
zay <z xz,y,z € M,a € T, holds in M then, u(x) > min{u(y), u(2)}.

Proof. Let z,y,z € M,a € T and zay < z. Then (zay)az = 0 for all « € T' and
u(xay) > p(z). Then

p(x) > min{u(zay), u(y)}
> min{u(z), u(y)}

O

Theorem 3.7. Every fuzzy ideal of a I'—BCK-algebra M is a fuzzy subalgebra of
M.

Proof. Let u be a fuzzy ideal of the '—BCK-algebra M. We have xay < x for all
ael xz,y € M. Then

p(ray) > p(w)
= w(zay) > p(z) > min{p(zay), p(y)}
= w(zay) = min{u(z), u(y)}-

This shows that p is a fuzzy subalgebra of the '-BCK-algebra M. U
We now give a condition for a fuzzy subalgebra to be a fuzzy ideal.

Theorem 3.8. Let p be a fuzzy subalgebra of a T'— BCK-algebra M such that, p(x) >
min{u(y), u(2)} if xay < z for alla € T, x,y,z € M. Then p is a fuzzy ideal of M.

Proof. We have p(z) > min{u(y), u(2)} if zay < z = p(zay) > wu(z) Therefore
p(x) > min{u(xay), u(y)}. Hence p is a fuzzy ideal of the '-BCK-algebra M. [

Corollary 3.9. FEvery anti fuzzy ideal p of a I'—BCK-algebra M is an anti fuzzy
subalgebra of M.

Definition 3.10. Let u be a fuzzy subset of a '-BCK-algebra M, the complement
of p is denoted by p¢ and it is defined as u(x) = 1 — p(z), for all x € M.

Theorem 3.11. A fuzzy subset p of a I'—BCK-algebra M is a fuzzy ideal of M if

and only if its complement u€ is an anti fuzzy ideal of M.
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Proof. Let p be a fuzzy ideal of M. We have

(), then — pu(0) < —p(x),
<1 - p(x),implies p(0) < p(z) and
1

1 — min{p(zay), uly)}
<1-min{l — p(zay),1 — pu(y)}
= max{u‘(zay), u(y)}.

[

Hence p€ is an anti fuzzy ideal of M. Similarly we can prove the converse. 0

Theorem 3.12. Let i be an anti fuzzy ideal of a I'—BCK-algebra M. Then the set
M, = {x € M/u(x) = 1(0)} is an ideal of M.

Proof. Obviously 0 € M. Let zay € M,, y € M,, * € Mand o € I'. Then
p(zay) = p(0) and p(y) = p(0) It follows that

p(z) < max{p(zay), u(y)}
= max{u(0), 1(0)}
= p(0).

We have 11(0) < p(x). Therefore p(0) = p(x). Hence x € M,,. O

Definition 3.13. Let u be a fuzzy subset of a I'-BCK-algebra M. Then for ¢ € [0, 1]
the lower level t-cut of y is the set u! = {x € M/u(z) <t} and the upper level t-cut
of p is the set py = {x € M/u(x) > t}. Obviously u' = M and p! U uy = M for all
t €10,1]. If t1 < t2 then p't < pt2.

Theorem 3.14. Let p be a fuzzy subset of a I'—BCK-algebra M. Then p is an anti
fuzzy ideal of M if and only if for each t € [0,1] put # ¢, then lower t-level cut u' is
an ideal of M.

Proof. Let p be an anti fuzzy ideal of M and t € [0,1]. Obviously 0 € u’. Let
xay € pl,y € put,x,y € M and o € I'. Then
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p(x) < max{p(zay), p(y)}
< max{t,t}
= t. Implies = € u'.
Hence p! is an ideal of M.
Conversely suppose that u! is an ideal of M for all ¢ € [0, 1]. Suppose there exists
xo € M such that 4(0) > pu(zo). put to = £{u(0) + p(zo)} = p(zo) < to < u(0) < 1.
Then x¢ € p'°, since p' is an ideal of M. Thus 0 € p* = u(0) < to. Which is a
contradiction. Hence, 1(0) < p(z), for all x € M.
Now we prove that p(z) < max{u(xay), u(y)} for all z € M, € T, if not there
exists xg, yo € M such that u(x) > max{u(xoayo), u(vo)}-
Let po = 3{pu(w0) + max{u(zoayo), u(yo)}}, then py < p(wo) and
0 < max{pu(roayo), (yo)}< po < 1. Thus pg > p(xoayo) and po > u(yo), implies
xoayo € pPo and yo € pPo. As pPo is an ideal of M, it follows that zg € pP° or
p(xo) < po. Which is a contradiction. Hence, u(0) < p(z), for all z € M. O

Theorem 3.15. Let p be an anti fuzzy ideal of a I'—BCK-algebra M. If xay < z
then p(z) < max{u(y),u(2)} for alla € Tz, y,z € M.

Proof. Suppose zay < z. Then u((xay)az) =0, for all z,y,z € M,a €T.

p(zay) < max{p((zay)az), p(z)}
= max{u(0), u(2)}
< p(2)
= p(zay) < p(2).
p(x) < max{p(zay), p(y)}
< max{u(z), u(y)}-
U
Definition 3.16. A mapping f : M — N of a '-=BCK-algebra is called a homo-
morphism if f(xay) = f(z)af(y) forall a € T, z,y € M.

If f: M — N is a homomorphism of '-BCK-algebras M and N, then f(0) = 0.
We define, uf : M — [0,1], puf (2) = u(f(x)), for all 2, € M.

Definition 3.17. Let f : M — N be a homomorphism of '-BCK-algebras M, N
and u be a fuzzy subset of N. Then f~! is defined as f~'(u)(z) = u(f(x)) for
all x € M.
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Theorem 3.18. Let f: M — N be a homomorphism of a I'—BCK-algebras M, N .
If 1 is a fuzzy ideal of N, then f~(u) is a fuzzy ideal of M.

Proof. We have

Suppose z,y € M, € I'. Then

FHw)(@) = p(f (@)
> min{u((f(z)af(y)), n(f(y))}
= min{u((f(zay)), u(f(y))}
= min{f~ l(u)(a:ay),f 1(#)( )}

Hence f~!(p) is a fuzzy ideal of M. O

Theorem 3.19. Let f: M — N be an epimorphism of I'—BCK-algebras M, N. If
f~Y(w) is a fuzzy ideal of M, then p is a fuzzy ideal of N.

Proof. Suppose x € N, then there exists a € M such that f(a) = z. Then

wa) = p(f(a)) = f~H()(a)
FHm)(0)
= u(f(0))
= 14(0).
Let x,y € N, a € T'. Then there exist a,b € M such that f(a) =z, f(b) = vy,

p(x) = p(f(a) = £~ (u)(a)
>mm{f () (aad), f~H () (D)}

(aab)), u(f (D))}
f(@)af (b)), n(f(0))}

zay), (y)}-

— min{u(f
— min{(s1)(
(

\/\/

= min{(n
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Theorem 3.20. Let f: M — N be a homomorphism of I'—BCK-algebras. If v is
a fuzzy ideal of N, then pf (x) = u(f(z)) in M is a fuzzy ideal of M.

Proof. We have pf (2) = pu(f(x)) < u(0) < u(£(0)) = pu/(0), for all 2 € M, a €T.
Then

min{uf (zay), pf (y)} = min{u(f(zay)), u(f(y))}
= min{(uf(z)apf(y)), n(f(y)}
< 1f(z) = 1 (@),

Therefore pf is a fuzzy ideal of M. O

Theorem 3.21. Let f: M — N be a epimorphism of '—BCK-algebras and p be a
fuzzy subset of N. If u is a fuzzy ideal of M, then u is a fuzzy ideal of N.

Proof. Let f : M — N be a epimorphism of '-BCK algebras. For any x € N,
there exists a € M such that f(a) = 2. Then u(z) = u(f(a)) = p/(a) < p/(0) =
H(J(0) = (0).
Let z,y € N, then f(a) =z and f(b) =y for a,b € M. It follows that
) = u(f(a)) = u(a)

> min{ (aabd), u? (b)}

= min{u(f(aab)), u(f (b))}

= min{p((f(a)a(f (b)), n(f(b)}

= min{p((zay))), u(y))}-

Hence p is a fuzzy ideal of N. O

4. CONCLUSION

In this paper, we introduced the concepts of (anti) fuzzy ideals of I'—BCK-
algebras, which generalizes the study of (anti) fuzzy soft ideals. We studied the
properties of fuzzy ideals and anti fuzzy ideals of '-BCK-algebras. We proved that
a fuzzy subset of a '—BCK-algebra is a fuzzy ideal if and only if the complement
of the fuzzy subset is an anti fuzzy ideal of '—BCK-algebra. If f : M — N is an
epimorphism of a '~BCK-algebra M, and f~!(u) is a fuzzy ideal of M, then yu is a
fuzzy ideal of N.
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