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GENERALIZED FRACTIONAL HERMITE HADAMARD TYPE

INEQUALITIES FOR (s,m)−CONVEX FUNCTIONS IN THE 1st

AND 2nd KINDS

Muhammad Bilal a, ∗ and Asif R. Khan b

Abstract. Hermite-Hadamard type inequalities are among the most well-known
integral inequalities in mathematics. In this article, we have established several
results concerning fractional Hermite-Hadamard type inequalities for twice differen-
tiable (s,m)-convex functions of both the 1st and 2nd kinds. These findings offer a
broader generalization compared to the results presented in [9].

1. Introduction

Let f : I ⊆ R → R be a convex function defined on an interval I of real numbers,

and let a, b ∈ I with a < b. Then the inequality

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a
f(x) dx ≤ f(a) + f(b)

2
,

is known as the Hermite–Hadamard inequality for convex functions [27]. Both

inequalities hold in the reverse direction when f is concave. This inequality may be

viewed as a refinement of convexity and follows directly from Jensen’s inequality.

The study of convexity and its extensions plays a fundamental role in mathe-

matical analysis, optimization theory, and applied sciences. Among the many in-

equalities related to convex functions, the Hermite–Hadamard inequality occupies a

central place due to its wide applications in numerical analysis, probability theory,

approximation theory, and fractional calculus. This classical result, which provides
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bounds for the average value of a convex function in terms of its endpoints, has been

extensively investigated and generalized in various directions (see [5, 7, 11, 18, 24]).

In recent years, fractional calculus has emerged as a powerful branch of analysis,

extending classical ideas through differentiation and integration of non-integer order.

The integration of fractional operators into Hermite–Hadamard type inequalities has

produced numerous generalizations that yield sharper estimates and deeper insights

into the behavior of convex functions in fractional settings (see [2, 15, 16, 20, 26]).

At the same time, several generalizations of convexity, such as s-convexity, m-

convexity, and their hybrid extensions have been introduced to study wider classes of

functions that are not strictly convex but still retain convex-like properties. Within

this framework, the class of (s,m)-convex functions of the first and second kinds has

attracted particular interest due to its flexibility and potential for diverse applica-

tions (see [4, 17, 29]).

Motivated by these advances, this paper establishes new generalized fractional

Hermite–Hadamard type inequalities for (s,m)-convex functions of both the first

and second kinds. By employing fractional integral operators, we derive results

that extend, unify, and complement existing inequalities in the literature. Our

contributions not only enhance the theoretical framework of convexity and fractional

calculus but also provide useful tools for mathematical modeling, numerical methods,

and related applications (see [1, 12, 13, 23]).

In this context, let’s revisit the definitions of s-convex functions of the 1st and

2nd kinds, as outlined in [8].

Definition 1.1. A function f : I → R is said to be s−convex in the 1st kind, if

f (tx+ (1− t)y) ≤ tsf(x) + (1− ts)f(y),

∀ x, y ∈ I, t ∈ [0, 1] and s ∈ (0, 1].

Definition 1.2. A function f : I → R is said to be s−convex in the 2nd kind, if

f (tx+ (1− t)y) ≤ tsf(x) + (1− t)sf(y),

∀ x, y ∈ I, t ∈ [0, 1] and s ∈ (0, 1].

In 1984, Toader defined the following class of m−convex functions in [28] as:

Definition 1.3. A function f : [0, b] → R is said to be m−convex, if we have

f(tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y)
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∀ x, y ∈ [0, b], t ∈ [0, 1] and m ∈ (0, 1]. It may be observed that if we put m = 1 in

the above definition then m−convexity changes into normal convexity (see [25]).

In 1993, Mihesan defined the class of (s,m)-convex functions of the 1st kind by

unifying the concepts of m-convexity and 1st kind s-convexity (see [19]):

Definition 1.4. A function f : [0, b] → R is said to be (s,m)−convex in the 1st

kind, if we have

f(tx+m(1− t)y) ≤ tsf(x) +m(1− ts)f(y)

∀ x, y ∈ [0, b], t ∈ [0, 1] and s,m ∈ (0, 1].

If we put m = 1 and s = 1 one by one, then the above definition becomes the

definition of s−convex function in the 1st kind and m−convex function respectively.

Also if we put both m = s = 1 simultaneously then we get normal convexity (see

[25]).

In 2014, Eftekhari proposed the class of (s,m)-convex functions of the 2nd kind

by merging the definitions of m-convex functions and s-convex functions of the 2nd

kind (see [13]):

Definition 1.5. A function f : [0, b] → R is said to be (s,m)− convex in the 2nd

kind, if we have

f(tx+m(1− t)y) ≤ tsf(x) +m(1− t)sf(y)

∀ x, y ∈ [0, b], t ∈ [0, 1] and s,m ∈ (0, 1].

If we put m = 1 and s = 1 one by one, then the above definition becomes the

definition of s−convex function in the 2nd kind and m−convex function respectively.

Also if we put both m = s = 1 simultaneously then we get normal convexity (see

[25]).

Theorem 1.6. Let f, g : [a, b] → R be continuous and non-negative functions and

let p, q > 1 such that 1
p + 1

q = 1 then,

b∫
a

|f(x)g(x)|dx =

 b∫
a

|f(x)|pdx


1
p
 b∫

a

|g(x)|qdx


1
q

.

The above inequality is known as Hölder’s inequality (see [6]). Note that if we put

p = q = 2, the above inequality becomes Cauchy – Schwarz inequality and if we put

q = 1 so p = ∞, then ||f ||∞ stands for the essential supremum of |f | or vice versa.
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Theorem 1.7. Let f , g be real-valued functions defined on [a, b] and if |f |, |f ||g|q

are integrable on [a, b], then for q ≥ 1 we have,

b∫
a

|f(x)||g(x)|dx ≤

 b∫
a

|f(x)|dx

1− 1
q
 b∫

a

|f(x)||g(x)|qdx


1
q

.

The above inequality is well known as power mean inequality (see [21]).

We will give some necessary definitions and mathematical preliminaries of frac-

tional calculus theory which are used further in this paper.

Definition 1.8. [27] Let f ∈ L[a, b]. The Riemann – Liouville integrals Jα
a+f(x)

and Jα
b−f(x) of order α > 0 are defined by

Jα
a+f(x) =

1

Γ(α)

x∫
a

(x− t)α−1f(t)dt, x > a

and

Jα
b−f(x) =

1

Γ(α)

b∫
x

(t− x)α−1f(t)dt, x < b

respectively, where Γ(α) =
∞∫
0

e−uuα−1du is the Gamma function and J0
a+f(x) =

J0
b−f(x) = f(x).

In the case of α = 1 the fractional integral reduces to the classical integral.

We now present some previously established results on the fractional Hermite

Hadamard type inequalities for twice differentiable m-convex functions, as captured

in [9].

Theorem 1.9. Let f : I ⊂ [0,∞) → R be a function that is twice differentiable on

the interior of I, denoted by I◦. Suppose a, b ∈ I◦ with a < b, and f ′′ ∈ L[a, b]. If

|f ′′| is m-convex on I for some m ∈ (0, 1], then the following inequality involving

fractional integrals holds for α > 0:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣ ≤ α(b− a)2

6(α+ 1)(α+ 3)

×
[
|f ′′(a)|+ |f ′′(b)|+m

(α+ 5)

2(α+ 2)

(∣∣∣f ′′
( a

m

)∣∣∣+ ∣∣∣∣f ′′
(

b

m

)∣∣∣∣)] .(1)
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Theorem 1.10. Let f : I ⊂ [0,∞) → R be a function that is twice differentiable on

the interior of I, denoted by I◦. Suppose a, b ∈ I◦ with a < b, and f ′′ ∈ L[a, b]. If

|f ′′|q is m-convex on I for some m ∈ (0, 1] and q ≥ 1 then the following inequality

for fractional integrals with α > 0 and 1
p + 1

q = 1 holds:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)
B

1
p (p+ 1, αp+ 1)×( |f ′′(a)|q +m

∣∣f ′′ ( b
m

)∣∣q
2

) 1
q

+

(
m
∣∣f ′′ ( a

m

)∣∣q + |f ′′(b)|q

2

) 1
q

 ,(2)

where B is the Euler Beta function.

Theorem 1.11. Let f : I ⊂ [0,∞) → R be a function that is twice differentiable on

the interior of I, denoted by I◦. Suppose a, b ∈ I◦ with a < b, and f ′′ ∈ L[a, b]. If

|f ′′|q is m-convex on I for some m ∈ (0, 1] and q ≥ 1 then the following inequality

for fractional integrals with α > 0 holds:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ α(b− a)2

4(α+ 1)(α+ 2)(3(α+ 3))
1
q

[(
2(α+ 2)|f ′′(a)|q +m(α+ 5)

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+
(
m(α+ 5)

∣∣∣f ′′
( a

m

)∣∣∣q + 2(α+ 2)|f ′′(b)|q
) 1

q

]
.(3)

The structure of this article unfolds as follows: In the subsequent sections, we

aim to establish six unique outcomes concerning fractional Hermite Hadamard type

inequalities applicable to the category of twice differentiable (s,m)−convex functions

of 1st and 2nd kinds. Our approach will leverage diverse techniques, encompassing

Hölder’s and power mean integral inequalities. These findings are anticipated to

exhibit a broader scope compared to those presented in [3, 8, 9] and [22]. The

fourth section will provide a concluding statement, while the final section will offer

insights and future prospects for readers interested in further exploration.

In order to prove our main theorems we need the following lemma from [3].

Lemma 1.12. Let f : I ⊂ R → R be a function that is twice differentiable on the

interior of I, denoted by I◦. Suppose a, b ∈ I◦ with a < b, and f ′′ ∈ L[a, b]. Then,
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for any α > 0, the following identity involving fractional integrals holds:

f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

=
(b− a)2

2(α+ 1)

1∫
0

t(1− tα)[f ′′(ta+ (1− t)b) + f ′′((1− t)a+ tb)]dt,(4)

where Γ(α) =
∞∫
0

e−uuα−1du.

2. Various Estimations of Right Bound of Fractional Hermite
Hadamard Type Inequalities for Twice Differentiable

(s,m)−Convex Functions of the 1st kind

We begin by presenting our results concerning twice differentiable (s,m)-convex

functions of the 1st kind.

Theorem 2.1. Let f : I ⊂ [0,∞) → R be a function that is twice differentiable on

the interior of I, denoted by I◦. Suppose a, b ∈ I◦ with a < b, and that f ′′ ∈ L[a, b].

If |f ′′| is (s,m)-convex of the 1st kind on I for some s,m ∈ (0, 1], then the following

inequality involving fractional integrals holds for any α > 0:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ α(b− a)2

2(α+ 1)

[
1

(s+ 2)(α+ s+ 2)
(|f ′′(a)|+ |f ′′(b)|)+

m

(
1

2(α+ 2)
− 1

(s+ 2)(α+ s+ 2)

)(∣∣∣f ′′
( a

m

)∣∣∣+ ∣∣∣∣f ′′
(

b

m

)∣∣∣∣)] .
Proof. By applying Lemma 1.12 and the properties of absolute value, we obtain∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)

1∫
0

|t(1− tα)|[|f ′′(ta+ (1− t)b)|+ |f ′′((1− t)a+ tb)|]dt.(5)

Since |f ′′| is an (s,m)-convex function of the 1st kind, we can use∣∣f ′′ (ta+ (1− t)b)
∣∣ ≤ ts

∣∣f ′′ (a)
∣∣+m(1− ts)

∣∣∣∣f ′′
(

b

m

)∣∣∣∣
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and ∣∣f ′′ ((1− t)a+ tb)
∣∣ ≤ m(1− ts)

∣∣∣f ′′
( a

m

)∣∣∣+ ts|f ′′(b)|.

Using these results, inequality (5) becomes:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)

1∫
0

[
ts+1(1− tα)|f ′′(a)|+mt(1− tα)(1− ts)

∣∣∣∣f ′′
(

b

m

)∣∣∣∣
+mt(1− tα)(1− ts)

∣∣∣f ′′
( a

m

)∣∣∣+ ts+1(1− tα)|f ′′(b)|
]
dt.

After rearranging the terms and using the following integrals, the result in Theorem

2.1 is obtained.
1∫

0

ts+1(1− tα)dt =
α

(s+ 2)(α+ s+ 2)

and
1∫

0

t(1− tα)(1− ts)dt =
α

2(α+ 2)
− α

(s+ 2)(α+ s+ 2)
.

□

Remark 2.2. The following well-established results can be obtained as special cases

of our derived result by varying the values of s, m, and α:

(1) By setting m = 1 or s = m = 1 or s → 0 or s → 0 with m = 1 in Theorem

2.1, we obtain the result presented in Theorem 2 of [3].

(2) By setting s = 1 in Theorem 2.1, we obtain the result presented in Theorem

1.9.

(3) By setting α = s = m = 1 or α = m = 1 or s → 0 with α = 1 in Theorem

2.1, we obtain the result presented in Remark 1 of [22].

(4) By setting α = s = 1 in Theorem 2.1, we obtain the result presented in

Corollary 1 of [9].

(5) By setting α = m = 1 with s → 0 in Theorem 2.1, we obtain the second

result presented in Theorem 3 of [8].

Corollary 2.3. If we choose α = 1 in Theorem 2.1, then we get the following

Hermite Hadamard type inequality for twice differentiable (s,m)−convex function of
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1st kind: ∣∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

b∫
a

f(ζ)dζ

∣∣∣∣∣∣ ≤ (b− a)2

24(s+ 2)(s+ 3)
×

[
6
(
|f ′′(a)|+ |f ′′(b)|

)
+ms(s+ 5)

(∣∣∣f ′′
( a

m

)∣∣∣+ ∣∣∣∣f ′′
(

b

m

)∣∣∣∣)] .
Theorem 2.4. Let f : I ⊂ [0,∞) → R be a function that is twice differentiable on

the interior of I, denoted by I◦. Suppose a, b ∈ I◦ with a < b, and that f ′′ ∈ L[a, b].

If |f ′′|q is (s,m)-convex of the 1st kind on I for some s,m ∈ (0, 1] and q ≥ 1, then the

following inequality involving fractional integrals holds for any α > 0 and 1
p +

1
q = 1

holds: ∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)(s+ 1)
1
q

B
1
p (p+ 1, αp+ 1)

[(
|f ′′(a)|q +ms

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+
(
ms
∣∣∣f ′′
( a

m

)∣∣∣q + |f ′′(b)|q
) 1

q

]
,

where B is Euler Beta function.

Proof. By applying Lemma 1.12 and the properties of absolute value, we obtain∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)

1∫
0

|t(1− tα)|[|f ′′(ta+ (1− t)b)|+ |f ′′((1− t)a+ tb)|]dt.(6)

Applying Definition 1.6 to
1∫
0

|t(1− tα)||f ′′(ta+ (1− t)b)|dt and
1∫
0

|t(1− tα)||f ′′((1−

t)a+ tb)|dt implies

1∫
0

|t(1− tα)||f ′′(ta+ (1− t)b)|dt

≤

 1∫
0

|t(1− tα)|pdt


1
p
 1∫

0

|f ′′(ta+ (1− t)b)|qdt


1
q
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and
1∫

0

|t(1− tα)||f ′′((1− t)a+ tb)|dt

≤

 1∫
0

|t(1− tα)|pdt


1
p
 1∫

0

|f ′′((1− t)a+ tb)|qdt


1
q

.

Since |f ′′|q is an (s,m)-convex function of the 1st kind, we can use∣∣f ′′ (ta+ (1− t)b)
∣∣q ≤ ts

∣∣f ′′ (a)
∣∣q +m(1− ts)

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q
and ∣∣f ′′ ((1− t)a+ tb)

∣∣q ≤ m(1− ts)
∣∣∣f ′′
( a

m

)∣∣∣q + ts|f ′′(b)|q.

Using these results, inequality (6) becomes:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)

 1∫
0

tp(1− tα)pdt


1
p

×


 1∫

0

[
ts|f ′′(a)|q +m(1− ts)

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q] dt


1
q

+

 1∫
0

[
m(1− ts)

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q + ts|f ′′(b)|q
]
dt


1
q

 .

After rearranging the terms and using the following integrals, the result in Theorem

2.4 is obtained.
1∫

0

tsdt =
1

s+ 1
,

1∫
0

(1− ts)dt =
s

s+ 1

and
1∫

0

tp(1− tα)pdt ≤
1∫

0

tp(1− t)αpdt = B(p+ 1, αp+ 1).

□
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Remark 2.5. The following well-established results can be obtained as special cases

of our derived result by varying the values of s, m, and α:

(1) By setting s = 1 in Theorem 2.4, we obtain the result presented in Theorem

1.10.

(2) By setting m = 1 in Theorem 2.4, we obtain the second result presented in

Corollary 3.6 of [10].

(3) By setting s = m = 1 in Theorem 2.4, we obtain the result presented in

Theorem 3 of [3].

(4) By setting α = m = 1 in Theorem 2.4, we obtain the third result presented

in Corollary 3.6 of [10].

(5) By setting α = s = 1 in Theorem 2.4, we obtain the third result presented

in Corollary 2 of [9].

(6) By setting α = s = m = 1 in Theorem 2.4, we obtain the result presented

in Remark 13 of [14].

(7) By setting s → 0 with α = m = 1 in Theorem 2.4, we obtain the second

result presented in Theorem 4 of [8].

Corollary 2.6. Under the assumptions of the Theorem 2.4,

(1) If we choose p = q = 2, then we get the result attained by using Cauchy−
Schwarz integral inequality as:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)(s+ 1)
1
2

B
1
2 (3, 2α+ 1)

(|f ′′(a)|2 +ms

∣∣∣∣f ′′
(

b

m

)∣∣∣∣2
) 1

2

+

(
ms
∣∣∣f ′′
( a

m

)∣∣∣2 + |f ′′(b)|2
) 1

2

]
.

(2) If we choose α = 1, then we get the following Hermite Hadamard type in-

equality for twice differentiable (s,m)−convex function of 1st kind:∣∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

b∫
a

f(ζ)dζ

∣∣∣∣∣∣ ≤ (b− a)2

4(s+ 1)
1
q

B
1
p (p+ 1, p+ 1)×

[(
|f ′′(a)|q +ms

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+
(
ms
∣∣∣f ′′
( a

m

)∣∣∣q + |f ′′(b)|q
) 1

q

]
.
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(3) If we choose s → 0 or s → 0 with m = 1, then we get the following Frac-

tional Hermite Hadamard type inequality for twice differentiable Quasi con-

vex function:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)
B

1
p (p+ 1, αp+ 1)

(
|f ′′(a)|+ |f ′′(b)|

)
.

(4) If we choose s → 0 with α = 1, then we get the following Hermite Hadamard

type inequality for twice differentiable Quasi−m−convex function:∣∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

b∫
a

f(ζ)dζ

∣∣∣∣∣∣
≤ (b− a)2

4
B

1
p (p+ 1, p+ 1)

(
|f ′′(a)|+ |f ′′(b)|

)
.

Theorem 2.7. Let f : I ⊂ [0,∞) → R be a function that is twice differentiable on

the interior of I, denoted by I◦. Suppose a, b ∈ I◦ with a < b, and that f ′′ ∈ L[a, b].

If |f ′′|q is (s,m)-convex of the 1st kind on I for some s,m ∈ (0, 1] and q ≥ 1, then

the following inequality involving fractional integrals holds for any α > 0:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ α(b− a)2

2(α+ 1)

(
1

2(α+ 2)

)1− 1
q
[(

1

(s+ 2)(α+ s+ 2)
|f ′′(a)|q+

m

(
1

2(α+ 2)
− 1

(s+ 2)(α+ s+ 2)

) ∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+

(
m

(
1

2(α+ 2)
− 1

(s+ 2)(α+ s+ 2)

) ∣∣∣f ′′
( a

m

)∣∣∣q +
1

(s+ 2)(α+ s+ 2)
|f ′′(b)|q

) 1
q

]
.

Proof. By applying Lemma 1.12 and the properties of absolute value, we obtain∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)

1∫
0

|t(1− tα)|[|f ′′(ta+ (1− t)b)|+ |f ′′((1− t)a+ tb)|]dt.(7)
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Applying Definition 1.7 to
1∫
0

|t(1− tα)||f ′′(ta+ (1− t)b)|dt and
1∫
0

|t(1− tα)||f ′′((1−

t)a+ tb)|dt implies

1∫
0

|t(1− tα)||f ′′(ta+ (1− t)b)|dt

≤

 1∫
0

t(1− tα)dt

1− 1
q
 1∫

0

t(1− tα)|f ′′(ta+ (1− t)b)|qdt


1
q

and

1∫
0

|t(1− tα)||f ′′((1− t)a+ tb)|dt

≤

 1∫
0

t(1− tα)dt

1− 1
q
 1∫

0

t(1− tα)|f ′′((1− t)a+ tb)|qdt


1
q

.

Since |f ′′|q is an (s,m)-convex function of the 1st kind, we can use∣∣f ′′ (ta+ (1− t)b)
∣∣q ≤ ts

∣∣f ′′ (a)
∣∣q +m(1− ts)

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q
and ∣∣f ′′ ((1− t)a+ tb)

∣∣q ≤ m(1− ts)
∣∣∣f ′′
( a

m

)∣∣∣q + ts|f ′′(b)|q.

Using these results, inequality (7) becomes:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)

 1∫
0

t(1− tα)dt

1− 1
q

×


|f ′′(a)|q

1∫
0

ts+1(1− tα)dt+m

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q
1∫

0

t(1− ts)(1− tα)dt


1
q

+

m
∣∣∣f ′′
( a

m

)∣∣∣q 1∫
0

t(1− ts)(1− tα)dt+ |f ′′(b)|q
1∫

0

ts+1(1− tα)dt


1
q

 .
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After rearranging the terms and using the following integrals, the result in Theorem

2.1 is obtained.

1∫
0

t(1− tα)dt =
α

2(α+ 2)
,

1∫
0

ts+1(1− tα)dt =
α

(s+ 2)(α+ s+ 2)

and

1∫
0

t(1− ts)(1− tα)dt =
α

2(α+ 2)
− α

(s+ 2)(α+ s+ 2)
.

□

Remark 2.8. The following well-established results can be obtained as special cases

of our derived result by varying the values of s, m, and α:

(1) By setting s = 1 in Theorem 2.7, we obtain the result presented in Theorem

1.11.

(2) By setting m = 1 in Theorem 2.7, we obtain the second result presented in

Corollary 3.9 of [10].

(3) By setting s = m = 1 in Theorem 2.7, we obtain the result presented in

Theorem 4 of [3].

(4) By setting α = m = 1 in Theorem 2.7, we obtain the third result presented

in Corollary 3.9 of [10].

(5) By setting α = s = 1 in Theorem 2.7, we obtain the result presented in

Corollary 3 of [9].

(6) By setting α = s = m = 1 in Theorem 2.7, we obtain the third result

presented in Corollary 3 of [8].

(7) By setting s → 0 with α = m = 1 in Theorem 2.7, we obtain the second

result presented in Theorem 5 of [8].

(8) By setting s → 0 with α = 1 in Theorem 2.7, we obtain the result presented

in Remark 1 of [22].

(9) By setting s → 0 or s → 0 with m = 1 in Theorem 2.7, we obtain the result

presented in Theorem 2 of [3].

Corollary 2.9. If we choose α = 1 in Theorem 2.7, then we get the following

Hermite Hadamard type inequality for twice differentiable (s,m)−convex function of
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1st kind: ∣∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

b∫
a

f(ζ)dζ

∣∣∣∣∣∣ ≤ (b− a)2

24{(s+ 2)(s+ 3)}
1
q

×

[(
6|f ′′(a)|q +ms(s+ 5)

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+
(
ms(s+ 5)

∣∣∣f ′′
( a

m

)∣∣∣q + 6|f ′′(b)|q
) 1

q

]
.

3. Various Estimations of Right Bound of Fractional Hermite
Hadamard Type Inequalities for Twice Differentiable

(s,m)−Convex Functions of the 2nd kind

We will now present several results related to (s,m)-convex functions of the 2nd

kind.

Theorem 3.1. Let f : I ⊂ [0,∞) → R be a function that is twice differentiable on

the interior of I, denoted by I◦. Suppose a, b ∈ I◦ with a < b, and that f ′′ ∈ L[a, b].

If |f ′′| is (s,m)-convex of the 2nd kind on I for some s,m ∈ (0, 1], then the following

inequality involving fractional integrals holds for any α > 0:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ α(b− a)2

2(α+ 1)

[
1

(s+ 2)(α+ s+ 2)
(|f ′′(a)|+ |f ′′(b)|)+

m

(
B(2, s+ 1)−B(α+ 2, s+ 1)

α

)(∣∣∣f ′′
( a

m

)∣∣∣+ ∣∣∣∣f ′′
(

b

m

)∣∣∣∣)] .
Proof. The above outcome can be demonstrated through a method analogous to

that used in the proof of Theorem 2.1, relying on the definition of (s,m)−convex

functions of the 2nd kind. □

Remark 3.2. The following well-established results can be obtained as special cases

of our derived result by varying the values of s, m, and α:

(1) By setting m = 1 in Theorem 3.1, we obtain the result presented in Theorem

2.2 of [27].

(2) By setting s = m = 1 in Theorem 3.1, we obtain the result presented in

Theorem 2 of [3].

(3) By setting s = 1 in Theorem 3.1, we obtain the result presented in Theorem

1.9.
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(4) By setting α = s = m = 1 in Theorem 3.1, we obtain the result presented

in Remark 1 of [22].

(5) By setting α = s = 1 in Theorem 3.1, we obtain the result presented in

Corollary 1 of [9].

(6) By setting α = m = 1 in Theorem 3.1, we obtain the second result presented

in Corollary 1 of [8]

(7) By setting α = m = 1 with s → 0 in Theorem 2.1, we obtain the third result

presented in Corollary 1 of [8].

Corollary 3.3. Under the assumptions of the Theorem 3.1,

(1) If we choose α = 1, then we get the following Hermite Hadamard type in-

equality for twice differentiable (s,m)−convex function of 2nd kind:∣∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

b∫
a

f(ζ)dζ

∣∣∣∣∣∣
≤ (b− a)2

4(s+ 2)(s+ 3)

[
|f ′′(a)|+ |f ′′(b)|+m

(∣∣∣f ′′
( a

m

)∣∣∣+ ∣∣∣∣f ′′
(

b

m

)∣∣∣∣)] .
(2) If we choose s → 0, then we get the following Fractional Hermite Hadamard

type inequality for twice differentiable P −m−convex function:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ α(b− a)2

4(α+ 1)(α+ 2)

[
(|f ′′(a)|+ |f ′′(b)|) +m

(∣∣∣f ′′
( a

m

)∣∣∣+ ∣∣∣∣f ′′
(

b

m

)∣∣∣∣)] .
(3) If we choose s → 0 with α = 1, then we get the following Hermite Hadamard

type inequality for twice differentiable P −m−convex function:∣∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

b∫
a

f(ζ)dζ

∣∣∣∣∣∣
≤ (b− a)2

24

[
(|f ′′(a)|+ |f ′′(b)|) +m

(∣∣∣f ′′
( a

m

)∣∣∣+ ∣∣∣∣f ′′
(

b

m

)∣∣∣∣)] .
(4) If we choose s → 0 with m = 1, then we get the following Fractional Hermite

Hadamard type inequality for twice differentiable P−convex function:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ α(b− a)2

2(α+ 1)(α+ 2)

(
|f ′′(a)|+ |f ′′(b)|

)
.
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Theorem 3.4. Let f : I ⊂ [0,∞) → R be a function that is twice differentiable on

the interior of I, denoted by I◦. Suppose a, b ∈ I◦ with a < b, and that f ′′ ∈ L[a, b].

If |f ′′|q is (s,m)-convex of the 2nd kind on I for some s,m ∈ (0, 1] and q ≥ 1,

then the following inequality involving fractional integrals holds for any α > 0 and
1
p + 1

q = 1 holds: ∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)(s+ 1)
1
q

B
1
p (p+ 1, αp+ 1)

([
|f ′′(a)|q +m

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q] 1
q

[
m
∣∣∣f ′′
( a

m

)∣∣∣q + |f ′′(b)|q
] 1

q

)
,

where B is Euler Beta function.

Proof. The above outcome can be demonstrated through a method analogous to

that used in the proof of Theorem 2.4, relying on the definition of (s,m)−convex

functions of the 2nd kind. □

Remark 3.5. The following well-established results can be obtained as special cases

of our derived result by varying the values of s, m, and α:

(1) By setting s = 1 in Theorem 3.4, we obtain the result presented in Theorem

1.10.

(2) By setting m = 1 in Theorem 3.4, we obtain the result presented in Theorem

2.4 of [27].

(3) By setting s = m = 1 in Theorem 3.4, we obtain the result presented in

Theorem 3 of [3].

(4) By setting α = s = 1 in Theorem 3.4, we obtain the third result presented

in Corollary 2 of [9].

(5) By setting α = s = m = 1 in Theorem 3.4, we obtain the result presented

in Remark 13 of [14].

(6) By setting α = m = 1 in Theorem 3.4, we obtain the result presented in

Theorem 10 of [14].

(7) By setting s → 0 with α = m = 1 in Theorem 3.4, we obtain the second

result presented in Corollary 2 of [8].

Corollary 3.6. Under the assumptions of the Theorem 3.4,
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(1) If we put p = q = 2, then we get the result obtained by using Cauchy−
Schwarz integral inequality as:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

2(α+ 1)(s+ 1)
1
2

B
1
2 (3, 2α+ 1)

[|f ′′(a)|2 +m

∣∣∣∣f ′′
(

b

m

)∣∣∣∣2
] 1

2

[
m
∣∣∣f ′′
( a

m

)∣∣∣2 + |f ′′(b)|2
] 1

2

)
.

(2) If we choose α = 1, then we get the following Hermite Hadamard type in-

equality for twice differentiable (s,m)−convex function of 2nd kind:

∣∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

b∫
a

f(ζ)dζ

∣∣∣∣∣∣ ≤ (b− a)2

4(s+ 1)
1
q

B
1
p (p+ 1, p+ 1)×

[(
|f ′′(a)|q +ms

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+
(
ms
∣∣∣f ′′
( a

m

)∣∣∣q + |f ′′(b)|q
) 1

q

]
.

(3) If we choose s → 0, then we get the following Fractional Hermite Hadamard

type inequality for twice differentiable P −m−convex function:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣ ≤ (b− a)2

2(α+ 1)
B

1
p (p+ 1, αp+ 1)

×

[(
|f ′′(a)|q +m

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+
(
m
∣∣∣f ′′
( a

m

)∣∣∣q + |f ′′(b)|q
) 1

q

]
.

(4) If we choose s → 0 with α = 1, then we get the following Hermite Hadamard

type inequality for twice differentiable P −m−convex function:

∣∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

b∫
a

f(ζ)dζ

∣∣∣∣∣∣ ≤ (b− a)2

4
B

1
p (p+ 1, p+ 1)

×

[(
|f ′′(a)|q +m

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+
(
m
∣∣∣f ′′
( a

m

)∣∣∣q + |f ′′(b)|q
) 1

q

]
.
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(5) If we choose s → 0 with m = 1, then we get the following Fractional Hermite

Hadamard type inequality for twice differentiable P−convex function:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ (b− a)2

α+ 1
B

1
p (p+ 1, αp+ 1)

(
|f ′′(a)|q +

∣∣f ′′(b)
∣∣q) 1

q .

Theorem 3.7. Let f : I ⊂ [0,∞) → R be a function that is twice differentiable on

the interior of I, denoted by I◦. Suppose a, b ∈ I◦ with a < b, and that f ′′ ∈ L[a, b].

If |f ′′|q is (s,m)-convex of the 2nd kind on I for some s,m ∈ (0, 1] and q ≥ 1, then

the following inequality involving fractional integrals holds for any α > 0:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ α(b− a)2

4(α+ 1)(α+ 2)
×
[(

2(α+ 2)

(s+ 2)(α+ s+ 2)
|f ′′(a)|q+

m
2(α+ 2)

α
(B(2, s+ 1)−B(α+ 2, s+ 1))

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+

(
m
2(α+ 2)

α
(B(2, s+ 1)−B(α+ 2, s+ 1))

∣∣∣f ′′
( a

m

)∣∣∣q +
2(α+ 2)

(s+ 2)(α+ s+ 2)
|f ′′(b)|q

) 1
q

]
.

Proof. The above outcome can be demonstrated through a method analogous to

that used in the proof of Theorem 2.7, relying on the definition of (s,m)−convex

functions of the 2nd kind. □

Remark 3.8. The following well-established results can be obtained as special cases

of our derived result by varying the values of s, m, and α:

(1) By setting s = 1 in Theorem 3.7, we obtain the result presented in Theorem

1.11.

(2) By setting m = 1 in Theorem 3.7, we obtain the result presented in Theorem

2.6 of [27].

(3) By setting s = m = 1 in Theorem 3.7, we obtain the result presented in

Theorem 4 of [3].

(4) By setting α = s = 1 in Theorem 3.7, we obtain the result presented in

Corollary 3 of [9].
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(5) By setting α = s = m = 1 in Theorem 3.7, we obtain the result presented

in Remark 13 of [14].

(6) By setting α = m = 1 in Theorem 3.7, we obtain the result presented in

Theorem 8 of [14].

(7) By setting s → 0 with α = m = 1 in Theorem 3.7, we obtain the third result

presented in Corollary 3 of [8].

Corollary 3.9. Under the assumptions of the Theorem 3.7,

(1) If we choose α = 1, then we get the following Hermite Hadamard type in-

equality for twice differentiable (s,m)−convex function of 1st kind:∣∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

b∫
a

f(ζ)dζ

∣∣∣∣∣∣ ≤ (b− a)2

24

{
6

(s+ 2)(s+ 3)

} 1
q

×

[(
|f ′′(a)|q +

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+
(∣∣∣f ′′

( a

m

)∣∣∣q + |f ′′(b)|q
) 1

q

]
.

(2) If we choose s → 0, then we get the following Fractional Hermite Hadamard

type inequality for twice differentiable P −m−convex function:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣ ≤ α(b− a)2

4(α+ 1)(α+ 2)
×[(

|f ′′(a)|q +m

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+
(
m
∣∣∣f ′′
( a

m

)∣∣∣q + |f ′′(b)|q
) 1

q

]
.

(3) If we choose s → 0 with α = 1, then we get the following Hermite Hadamard

type inequality for twice differentiable P −m−convex function:∣∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

b∫
a

f(ζ)dζ

∣∣∣∣∣∣ ≤ (b− a)2

24
×

[(
|f ′′(a)|q +m

∣∣∣∣f ′′
(

b

m

)∣∣∣∣q) 1
q

+
(
m
∣∣∣f ′′
( a

m

)∣∣∣q + |f ′′(b)|q
) 1

q

]
.

(4) If we choose s → 0 with m = 1, then we get the following Fractional Hermite

Hadamard type inequality for twice differentiable P−convex function:∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣
≤ α(b− a)2

2(α+ 1)(α+ 2)

(
|f ′′(a)|q +

∣∣f ′′(b)
∣∣q) 1

q .
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4. Conclusion

The fractional Hermite Hadamard inequality stands out as one of the most

renowned within the realm of inequalities, boasting numerous generalizations across

different classes of convex functions in existing literature. In this article, we present

its extension for twice differentiable (s,m)−convex functions of first and 2nd kinds.

Section 2 and 3 unveils three distinct findings concerning the estimated right bound

of the fractional Hermite Hadamard inequality in an absolute sense for twice differ-

entiable (s,m)−convex functions of first and 2nd kinds, respectively.

Here, we employ various methodologies, including Hölder’s and Power mean inte-

gral inequalities. While some of these results are novel, others have been previously

documented in articles such as [3, 8, 9, 10, 14, 22] and [27]. The final section is ded-

icated to providing remarks and offering future avenues of exploration for interested

readers. Now, we are going to summarize the results of Section 2 and 3 in tabular

form.

In the below two tables FHHTI, HHTI, CF and − stands for Fractional Hermite

Hadamard type inequality, Hermite Hadamard type inequality, Convex Function

and For any value, respectively.

S. No m s α Results Found in
1 1 − − FHHTI for s−CF of 1st kind [3, 10]
2 − 1 − FHHTI for m−CF [9]
3 − − 1 HHTI for (s,m)−CF of 1st kind This Article
4 1 1 − FHHTI for CF [3]
5 − 1 1 HHTI for m−CF [9]
6 1 − 1 HHTI for s−CF of 1st kind [10, 22]
7 1 1 1 HHTI for CF [8, 14, 22]
8 − 0 − FHHTI for Quasi−m−CF This Article
9 1 0 − FHHTI for Quasi CF This Article
10 − 0 1 HHTI for Quasi CF This Article
11 1 0 1 HHTI for m−Convex Functions [8]

Table 1. Result Summary of Section 2



GENERALIZATION OF HERMITE HADAMARD INEQUALITY 309

S. No m s α Results Found in

1 1 − − FHHTI for s−CF of 2nd kind [27]
2 − 1 − FHHTI for m−CF [9]

3 − − 1 HHTI for (s,m)−CF of 2nd kind This Article
4 1 1 − FHHTI for CF [3]
5 − 1 1 HHTI for m−CF [9]

6 1 − 1 HHTI for s−CF of 2nd kind [8, 14]
7 1 1 1 HHTI for CF [14, 22]
8 − 0 − FHHTI for P −m−CF This Article
9 1 0 − FHHTI for P−CF This Article
10 − 0 1 HHTI for P−CF This Article
11 1 0 1 HHTI for m−Convex Functions [8]

Table 2. Result Summary of Section 3

Now we are going to give some remarks and future ideas related to our stated

results.

Remarks and Future Ideas

(1) All the inequalities presented in this article can be reversed for concave

functions, based on the fundamental equivalence: a function is concave if

and only if its negative is convex.

(2) The fractional Hermite-Hadamard inequality can be extended to a Fejér-

type inequality by incorporating appropriate weighting functions.

(3) Similar analyses can be carried out using various other generalized classes

of convex functions.

(4) The results established in this article may also be formulated in a discrete

setting.

(5) These results can be extended to the multi-dimensional case for broader

applicability.

(6) This study can be further developed within the framework of time scale

calculus or quantum calculus.

(7) An exploration of these results in the context of fuzzy theory offers another

potential direction for future research.

(8) One may also aim to derive sharper or more refined bounds for the inequal-

ities established in this work.



310 Muhammad Bilal & Asif R. Khan

Acknowledgments

The following research is supported by the Higher Education Commission of

Pakistan under Indigenous Ph.D. Fellowship for 5000 Scholars, HEC, (Phase-II)

(PIN: 518-108309-2PS5-088).

References

1. B. Bayraktar & V. C. Kudaev: Some New Integral Inequalities for (s,m)−Convex and

(α,m)−Convex Functions. Bull. Kara. Uni. Math. Series, 94(2), (2019) 15 – 25. DOI:

https://doi.org/10.31489/2019m2/15-25

2. B. R. Bayraktar & A. K. Attaev: Fractional Integral Inequalities for Some Con-

vex Functions. Bull. Kara. Uni. Math. Series, 104(4), (2021), 14 – 27. DOI:

https://doi.org/10.31489/2021m4/14-27

3. M. I. Bhatti, S. S. Dragomir, M. Iqbal & M. Muddassar: Some new Hermite Hadamard’s

type fractional integral inequalities. J. Comp. Anal. Appl. 18 (4), (2015), 655–661.

4. M. Bilal, S. S. Dragomir & A. R. Khan: Generalized Hermite-Hadamard Type Inequal-

ities for (α, η, γ, δ)− p−convex functions. RAD HAZU. MATEMATIČKE ZNANOSTI,

29=564(2025), 145 – 186. DOI: https://doi.org/10.21857/mzvkptoj19

5. M. Bilal & A. R. Khan: On Some New Hermite-Hadamard Dual Inequal-

ities. JMCMS, 16(7), (2021), 93 – 98. DOI: https://www.journalimcms.org/

journal/on-some-new-hermite-hadamard-dual- inequalities/

6. M. Bilal & A. R. Khan: New Generalized Hermite-Hadamard Inequalities for

p−convex functions in the mixed kind. EJPAM, 14(3), (2021), 863 – 880. DOI:

10.29020/nybg.ejpam.v14i3.4015

7. M. Bilal & A. R. Khan: Refinement of generalized Hermite-Hadamard-

type inequalities for convex functions with applications. J. Korean Soc.

Math. Educ. Ser. B: Pure Appl. Math., 31(1), (2024), 33 – 48. DOI:

http://dx.doi.org/10.7468/jksmeb.2024.31.1.33

8. M. Bilal & A. R. Khan: Generalized Hermite Hadamard type inequalities for twice

differentiable (r, s)−convex functions Appl. Math. E-Notes 24, (2024) 350 – 361.

9. M. Bilal & A. R. Khan: Some generalized fractional Hermite – Hadamard type in-

equalities for m−convex functions Bull. Kara. Uni. Math. Series 119 (3), (2025) 85 -

96.

10. M. Bilal, M. Imtiaz, A. R. Khan, I. Ullah, & M. Zafran: On Hermite – Hadamard and

comparison inequalities using fractional integrals. Unpublished Article.

11. S. S. Dragomir & C. E. M. Pearce: Selected topics on Hermite – Hadamard inequalities

and applications, RGMIA Monographs, Victoria University, (2000).



GENERALIZATION OF HERMITE HADAMARD INEQUALITY 311

12. T-S. Du, J-G. Liao & Y-J. Li: Properties and Integral Inequalities of Hadamard-

Simpson Type for the Generalized (s,m)-preinvex Functions. J. Nonlinear Sci. Appl..

9, (2016), 3112 – 3126. DOI: https://doi.org/10.22436/jnsa.009.05.102

13. N. Eftekhari: Some remarks on (s,m)− convexity in the 2nd kind. Journal of Math.

Inequalities. 8(3), (2014) 489—495.

14. S.Hussain, M.I. Bhatti & M. Iqbal: Hadamard type inequalities for s−convex functions

I. Punj. Uni. J. Math., 41 (2009), 51–60.

15. A. Lakhdari, H. Budak, N. Mlaiki, B. Meftah & T. Abdeljawad: New In-

sights on Fractal–Fractional Integral Inequalities: Hermite–Hadamard and Milne

Estimates. Chaos, Solitons & Fractals. 193, (2025), Article: 116087. DOI:

https://doi.org/10.1016/j.chaos.2025.116087

16. A. Lakhdari, B. B. Mohsin, F. Jarad, H. Xu & B. Meftah: A Parametrized

Approach to Generalized Fractional Integral Inequalities: Hermite–Hadamard

and Maclaurin Variants. JKSUS. 36 (11), (2024), Article: 103523. DOI:

https://doi.org/10.1016/j.jksus.2024.103523

17. B. Meftah,A. Lakhdari & D. C. Benchettah: Some New Hermite-Hadamard Type In-

tegral Inequalities for Twice Differentiable s−Convex Functions. Comput Math Model.

33, (2022), 330 – 353. DOI: 10.1007/s10598-023-09576-3

18. B. Meftah & K. Mekalfa: Some Weighted Trapezoidal Type Inequalities via h-
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