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A STUDY ON DERIVATION OF IDENTITIES FOR THE
GENERALIZED PELL SEQUENCE BY ANALOGICAL
REASONING

Sy

ABSTRACT. Analogical reasoning has been utilized in the extension of mathemat-
ical thinking and problem solving. In this study, by using conceptual analogy, we
conjectured identities in the generalized Pell sequence corresponding to those in
Heo([9])’s generalized Fibonacci sequence, and by using methodological analogy, we
proved that the conjectured identities hold. Furthermore, we conjectured identities
in certain forms of second-order linear recurrence sequences and proved their va-
lidity. This study expands identities from generalized Fibonacci sequences to those
of certain second-order linear recurrence sequences by employing conceptual and
methodological analogy.
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T eH, no g n—molzt oW wE
4 Qloh. =S dutetd @ o
n—mol2t oW wF g 135 d& 4 U

o
=

3
1o
=
filo

A2 11 (Cassini’s identity). P,% —

A<
o 5g

el 119] W 5o Yhat Cassini G54
el 129 B 5
{GP.}& B-5712 59 (PL,}olet

3 QushE =1 Qo] Gohag olgste] FWE 4 ok
): Pm+1GPn+m_

PGPy 1012t 517 8 537}

< o]-&stH
(Pm+1GPoym — PmGPoim+1) + (Pmt2G Poymtr
— Py 1GPoymy2)
= (Pm+1GPutm — PmGPuim+1) + (PnGPoymtt
F 2P 1 GPoimit — Prs1GPrsmss)
— Pri1GPoim + 2Pms1GPrimtt — Pri1GPosmis = 0
—f(n,m) & & 5 Ut oldl, f(n,0) = GPo|B=
"GP oIty &, Pny1GPuym — PnGPuymy1 = (—1)"GP,°lt}.

{P}olat 1, me] @t n

of o3t d‘Ocagne

n+1Pn—1 - (_1)7171
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w5 AT 12 (d‘Ocagne’s identity). Ppy1Pp — PrPrt1 = (—1)" Py
[E]-—%— %'E] 13. Pm+1PLn - PmPLn—H = (_1)mPLn—m

%J‘ﬂi]r% ﬂﬁ_q—i} E ]}\1—4 01_%}4 Fm+1GFn+m - FmGFn+m+1 = (_1)mGFn
o wF Al diese dutehd B sdoA o A dEshE & 49 g

F4. et =@ 2d {GP, el A 2] A 100 st o5 A

_63—%/51 Fm+1GFn+m - FmGFn+m+1 = Pm+1GPn+m - PmGPn+m+1 =
(-)™GF, (-1)™GP,

% ;g]a] 11 Fn2 - n+1Fn—1 - (_l)nil Pn2 - n+1Pn—1 - (_1)n71

1:! _]‘j/] 12 Fm-l—an_Fan—l—l: Pm+1Pn_PmPn+1:
(=)™ Foem (=1)™Py_m

E}% ;g“:q 13 Fm+1Ln - Fan+1 = Pm+1PLn - PmPLn—H =

(=)™ Lp—m (=1)™PLy_p,

5 49} Zo] Aok W HU LA G5A Fr1CFpm — FuGFimi1 =
(~1)"GE, 3} 0] thshe AMetd B A G54 Py GPom—PuGPomis =
(~1)"GP,el thste] mhg e 11 - obg 3 138 ERHoEy PRHoE G4
=y

3.3. (—=1)""GE, + Fpi1(GFuim + GFpimi2) = GFyiomi20] 1S3t &5
SER-

QAutsteE w U] o4 9 g54] (1) LG, +Fm+l<GFn+m+GFn+m+z> =
GFotomsos MEUA 59 (F,) 7 Qutets mwgs] 49 {GF }aolo] BAE 1}
el Qleh(9]). Lutete HRgA] 9 {GF,) T} BB 59 {F, )04 54
(_1)m+1GFn + Fm+1(GFn+m + GFn+m+2) GFn+2m+2°ﬂ 7H11’::z] _f?l_z[sg Zﬂl%o]—o:] OE]
statE ® 5 (GP)ah 5 (P ol dgste F54S FE0H gt o,
o] ZZo] 9l WAYL the} Zo| ZHT 5 ek

oll‘l

7§3] 14. (_1)m+1GPn + Pm+1(GPn+m + GPn+m+2) = Gpn+2m+2

9lo) e 142 W 5A7} AuksiE W SAo] AMES oot 2 4 9
. @ 5o {P,)7} Qutsl M 59 (GP,}e] Antae 7zt

0
Il

i

| =
Y
3
|

<
=
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GP, = Ci¢™ + Coyp™ ( , C1,Co= A ) ]DE
1

Pri1(GPogm + GPrymy2) = m(@bmH — Y™ {C1¢" T (1 + ¢?)
+ Cg’gf)n+m(1 + ¢2)}
- d)_1¢<¢m“ — Y (O (— o + ¢) + Cop™ T (— gt + )}
— qbin“ Y Gy (G — ) — Cagp™ (6 — )

_ (¢m+1 o ¢m+1>{cl¢n+m+l o CanerJrl}
= Crg™ 22 — Cy(gy))™ " — Cr(y) ™" + Coyp I
— Cl¢n+2m+2 + 02¢”+2m+2 _ (_1)m+1(01¢n + 02¢n)
= GPn+2m+2 - (_1)m+1GPn
oltt. wkakA (-1)™ LGP, + Pm—‘,—l(GPn—‘,-m + GPoym+2) = GPoiom2°]Th.
?Qlﬂ-ﬂ-% ﬁ]il%i] 'q\_oéoﬂj\ig = 1:! a ( )m+1F +Fm+1Ln+m+1 = Fn+2m+2
O (—1)" Ly 4 5F i1 Foymi1 = Lnjomios JEUA] $43F 27kA £ Alo] 9]
“T'l’_]'zﬂ?l Fn—l + Fn+1 = Lni} Ln 1+ Ln—l—l = 5Fn% O] 0]'0:] _u.:.iél- 7/—1011:]—([9])
9j9] % uhg el of- 3ok Atk 1 oA 9] P54 3] 1) W L
w274 50 Afolo] PAS AHHE W Q) glow), o] Et W R Salv} 2rha
T Atolo] TA L FAFE Aot 5 4= vk TS 54 Ly + Ly = 5F,
A 5 (6 — )22 ol8alo] B £} H-2714 Zoel Afo] o] PAS LiERY L
F54L FEok0 et Zov), of 20| el WYL heT Lol 3T 4
otk
B9 15 (8 593 D245 59 Aol o] BA). (1) Paoy + Pyt = PLa, (2)
PL, 1+ PL,+1 =8P,
W 5t W-2ohs A AN, 6 - 6 = 2v2, 0 = ~1908 ol-§elel Y
% ok,
PLp~Pop1 = (¢" +9¢") — m(qﬁnﬂ — gt
= (@ +U") = (" + "+ "I YT YT
—(@" T TE GUTT) = =g 4 T )

:¢n—2+¢n—3w+ _1_77/)71 2 _ z Z(Gbn 2_|_¢n 3,¢+ _i_wn—Q)

= ——(¢" ' =" ) =Py
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O]E]- E}ﬂ'/“] Py + Pn—i—l = PLnO] @%@'E} E:——é—_]_—
8Py —PLp+1 = (¢ — ¢)2¢_1w(¢” — ") — (" 4t

= (@ =¥)(¢" —v") = (¢"T + ")

= ("L — " — " + ") — (7T Y

= (" + ") = PL, 4

O]E]— E}‘_ﬂ—/\_] PL, 1+ PLpy1 = 8Pno] Ag%—éj'q'

491 140 G50 QD 0 S (GR)E 22 5 (P77

II]-E- %'E] 16. (_1)m+1Pn + Pm+1PLn+m+1 = Pn+2m+2
E]'% %E] 17. (—1)m+1PLn + 8Pm+1Pn+m+1 = PLn+2m+2

Qukall 1 53] 52D A 0] G5 (—1)HGFyt By (CFram+GFopmy) =
GFyiomis 1 02 Aejo] sl Autshe @ SodoAe] F54 Halsld

59} 7k,
5. ditetd @ 2+ {GR,}ollM 9 A2 140 Bt o5 TA
601-%_41 (_1)m+1GFn+Fm+1(GFn+m+ (_1)m+1GPn+Pm+1(GPn+m+
GFnerJrQ) = GFn+2m+2 GPn+m+2) = GPn+2m+2
Eq'%' 72-)]3] 16 (_1)m+an + Fm+1Ln+m+1 = (_1)m+1pn+Pm+1PLn+m+1 =
Fn+2m+2 Pn+2m+2
tq-% ;?)]E] 17 (_1)m+1Ln + 5Fm+1Fn+m+1 = (_1)m+1an +
Ln+2m+2 8Pm+1Pn+m+1 = PLn+2m+2

= 591 Zro] dutste mHupA] oA 2] G54 (—1)" MG E, + Fny 1 (GFuim+
GFn+m+2) == GFn—f—Qm-‘rQQ' j—oﬂ EH ]'11: ??'_1]?__9}% l]!:i;] #OF'EO ﬁg—%/\'ﬂ](_l)m—i_lGPn +
Pm+1(GPn+m + GPn+m+2) = GPn+2m+2oﬂ EH ]'Oq [q'%' @‘ﬂ 16374' [q'%' ;g‘ﬂ 17’%
ERxoRy 72402 $Asi,
3.4. A A2lol 3t Go = a,G1 = b,Gp = kGo 1+ Gus (n > 2) (R, k=

ESET

A B 3,49 5% Fo) LS MLk 93 QU @ 5ol B A
e 2, 10} 147} %*}?:—% A 4 Aok oebA Al A 2, 103} 149] dfsto] 2
A A9 A9 BAS ol LitHel s 4 54 Az B 4 ck 3,
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@), F7 B BRo0 S5} QU R
@)ell t-s3t= & {An}, {Bn}, {Gn}ell tiste] Al 54
Gn+m + (_ )mGn—m - Gan
Am+1Gn+m - AmGn+m+1 = (_1)mGn
(_1)m+1Gn + Aerl(Gner + Gn+m+2) - Gn+2m+2
o] A=A A7 2 4 9nt.

Ag = 0,4 :17An:An—l+2An2(n>2 =
T {Gn}ell tiste] AGy — AiGs = (-1)Gi0] ™A fo B R & WA 54
Ap1Grim — AnGrimi1 = (—1)"Gpo] AHSHA] Geth &, Be 22 A9 A &
AE Holg o] 2] +d(Ee E 44), #7IE o (Ee B-F712 49)%
Qs WEU S (R QustE B Sa)o) A0 A FEAL BEATE A
ohct. $19] Al SIS WEAF)E 24 A9 A7) BAE Kol 5% {A,), {B.

]

—

{Gr}= 571 §1sto] Al A2 2, 103 149] T A& 245t 1 H =
W 59), 5714 SA(EE B2k )T QusHH wEL) Se(EE Q)
I Aol gt A-E +4 {An}, {Bo}, {Go}= Z2 5 Utk Al €8 {4
{Ba}, {Ga} 2 The3} o] Aot
AO = 07 Al = 1>An = kAnfl + An72 (n > 2)
By=2,B = k?, Bn =kBp_1+ B2
Go=a,G1 =b,Gp, =kGp_1+Gp_2
N §28 Agaw Al £ (A}, (B}, {Gu}S o18atel Al A2 2, 107} 14
eots M2E FEAL F2ekT FBE 4 Aok B2 2 ook FEAL

-
= 6
o it rr

919 g2 182 F 4 {Bn}% {G }4 By 3241& o] §ato] ot drtetS o]

S SEEY S Ak g = T gy = BT o), £ 59 {B,}3} (G
o] o
= ~—

o

-

O] Awtet2 247t B = ¢pa” -H/JA , Gn = C'1¢A + Copa™ (T, C1, Co= &) 0| BR
Grgm — GnBm = (C1pa™™ 4 Cotha™™) — (C1oa™ + Copa™) (¢a™ + 10a™)
—(C19A"PA™ + C2a™ha™) = =A™ ha™ (C19a™ ™™ + Corps™™™)
—(=1)"™(C19A" " + Copa" ) = —(=1)""Gr—m
ojth. Wt G+ (—1)"Gpom = Gn By, 010t A 2] 100] t-§5hH= 35412 th22t
2t

;gE] 19. Am+1Gn+m - AmGn+m+1 = (_1)mGn
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1ol A 192 F 54 {4,137} {Gn} 9] A& o]t S & St o] &
‘ﬂsﬁ @—"/F f(’I’L, m)% (TL ) = Am+1Gn+m - AmGn+m+IO]a 6-]'11" OE'_d {An}ﬂ}
(Gu}e] W32 ol g}

f(n’ m) + f(n7 m+ 1) = (Am+1Gn+m - AmGn-l—m—i-l)

2~

T
S
-

=
=
s

e 3

+ (Am+2Gn+m+l - Am+lGn+m+2)
= (Am+1Gn+m - AmGn+m+1) + (AmGn+m+1
+ kAm+1Gn+m+1 - Am+1Gn+m+2)

= Am+1Gn+m + kAerlGnerJrl - Am+1Gn+m+2 =0

oltt. matA f(n,m +1) = —f(n,m) A& & 5 ek oW, f(n,0) = Gro|E=
f(n7m) = <_1)mGnO]q év Am+1Gn+m - AmGn+m+1 = (_1)mGnO]E}~ ;ga] 140“
et A5 AL theat Lt

@a 20. (_1)m+1Gn + Am—l—l(Gn-l—m + Gn+m+2) = Gn+2m+2

19 49 202 F < {4} {G} 9] 4Rt} o] 8ot S8 & Atk F 54
{A 1 {G} o] dntar2 247 A, = ¢AE¢A (P4
Ch,Cr= )0l B2

3
|
<

b
(D)
3
Il
Q
©-
b
3
+
&2
<
b
3
B

Aps1(Gngm + Gryme2) = ¢A_1¢A(¢Am+1 —1ha ™) x
{C104™ (1 4 ¢4%) + Copa™ ™ (1 + 94%)}
— (miwA(d)Am-H _ ¢Am+1){01¢An+m+1(¢A o ¢A)

— Coppa™ " (g4 —a)}
= (a™ T — AT (Crpa" T — Coppa™ )
= C1pa" 22 — Co(datha) "™ — Cr(darha)" A" + Corp " T2 H2
= C1opa™ P22 4 Cop "2 — (1) TH(C1pa™ + Cagpa™)
= Gniamt2 — (-1)"T'G,
olth. wEhA] (=1)"1Gy + Api1 (Gram + Grymia) = Gryami2°lth,
3.5. A%

§54 Ans SotolA a5 9T ek ok @A WA §5A Ax
L AFE, gaot 5O ket 2514 de msta AAskHE b AgHgon
([16]), @4 29 Pel2 ol g 5314 o] L §54 ATE o] 88 AOR
2 4 QEH([I7). EF §AK BAY Bo] e Mg BAZ ddshs o 22
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2 g8 4 9rH(22, 23)). ol WA oulsetiAtel A2 mAbs A
uy e Mol 4Ag #2ak1, AlEe Qoo

ol
>
=

of & Aol M= Heo([9])7F AAIRE LRFShE ] Hpz] Ao A 9
1 552 Agotel QustE W £Aol MY FEAS FEAT, WY 15
WIEhE 2 SOl H Y G S FHEE Tt B Aol AE
Heo([9]) ol A A|AIRE A =|et & 2o ti-5-5t= Lrtetd d =4
2o} 1270] g el S FEstdrt. o tolrt AutehE wmuy
JQ’]'S}O:]GO—GGI—bGn—an 1+G (n22)?l2_]'ﬁo
A oAM= 7N 55 Tl 3719 BEE F5otaL, Ul 55 ol
o8 FYeIsIct 2 Aol F oo ek

AA|, dureld mHuA] doA o] ZF g 4of gt ARtetE F sdofA 9
§7} A theSlolol G £ Al AN ek ol, 2L V) E 0w
Qe s 29 2 Aol GEINE QUi B £ Aak Jus
w H U] 5o -85 1h54]7]7] QHert. o] = Heo([ Dl ol 7ol
24 AN B B BE BA) Afole] AT |8 TAZ S Aol Sty
Mg ol epgolit 24 S 2elA Fasiet.

. Qs ] Shole] 21 Qo Bt dusid B LA Ao
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ol
>

to F
d

Q4 v FAS B3 ekt Aol A of vl ARESHE ] H ] 4
dutste =@ Ldo] -3 PAE 7|F o2 MY FF5 ol8ste] &3 379 A aﬂ

B Folm, 0] tel 127]°] W Felst B Holch
A, AwetE HEUA Sy Qutet 8 SGoA Y] FEAL v 5
B Qe 23 49 AT SISl FEAE FHek ol SUE & slck
T4 {An}, {Bn}, {Gn}& 42 Ag = 0,41 = 1A, = kA1 + Ao (n > 2),
By=2,By=k,B,=kBp_1+Bh—2 (n>2),Go=0a,G1 =b,G,, = kGp—1+ Gp_2
> 2)¢} o] Holshd Heo((9))o14 AIAIE 3700] A5 F23 AL wr
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