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ORDERING UNICYCLIC GRAPHS WITH RESPECT TO F-INDEX

RUHUL AMIN? AND SK. MD. ABU NAYEEM b *

ABSTRACT. F-index of a graph is the sum of the cube of the degrees of the vertices. Thus,
for a graph G with vertex set V(G) and edge set E(G), the degree based topological index
F-index is defined as

F(G) = Y dev)’= Y ldo(u)*+dg(v)*,

veV(G) uwveE(G)

where dg(v) denotes the degree of the vertex v. In this paper, we investigate the F-indices of
unicyclic graphs by introducing some transformation, and characterize the unicyclic graphs
with the first five largest F-indices and the unicyclic graphs with the first two smallest F-
indices, respectively.

1. INTRODUCTION

A topological index is a numerical value associated with the graph representation of
a molecule for correlation of the chemical structure of a molecule with various physical
properties, chemical reactivity, or biological activity. Let G be a simple graph. As usual, we
denote the vertex set of G as V(G) and the edge set of G as E(G). The first Zagreb index,
introduced in 1972 [13], is one of the oldest topological indices. It is defined as

M, (G) = Z dz(v) = Z [d(u)+d(v)].
veV(G) uveE(G)

In the same study, where the first Zagreb index was introduced by Gutman and Trinajsti¢
[14], it was shown that the sum of squares and the sum of the cubes of the vertex degrees
of the underlying molecular graph influences the total zw-electron energy E. Zagreb indices
are the first degree based topological indices, those were initially intended for the study
of total 7- electron energy [12] . The sum of squares of the vertex degrees, known as the
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Figure 2. Transformation A.

first Zagreb index, has been studied in hundreds of research papers, but the sum of cubes
of the vertex degrees has remained unstudied for a long time by scholars doing research on
degree—based topological indices. Furtula and Gutman, restudied this index recently and
named it as “forgotten” topological index, or F-index [10]. Thus, F-index is defined as
F(G)= Y, de(v)’'= Y ldg(w)’+dG(v)’]-
veV(G) uveE(G)

A leaf is a vertex of degree one, pendant edges are edges incident on a leaf, and a stem is
a vertex adjacent to at least one leaf. P,,C, and K ,_ denote paths, cycles, and stars with
n vertices respectively. %, and %" denote the set of all unicyclic graphs with n vertices

and the set of all unicyclic graphs with n vertices and cycles of length k respectively. We
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denote the unicyclic graph constructed by identifying the center of K ,_;_; with a vertex
of Cy as G,(("I) as shown in Figure 1(a). G,E"z) is the unicyclic graph constructed by identifying
the center df K1 n—k—> with the vertex u éf the cycle C; and identifying a vertex of K, with
a adjacent vertex of u as shown in Figure 1(b). We denote by S, , , the unicyclic graph
constructed by identifying the centers of Kj ,,Kj 4 and K , to the vertices of C3, (p,q,r >
0,p+q+r=n—3) as shown in Figure 1(c).

The ordering of unicyclic graphs with respect to Zagreb indices was studied by Xia [9].
Unicyclic graphs with the first three smallest and largest first general Zagreb indices were
studied by Zhang [20]. A unified approach to extremal Zagreb indices for trees, unicyclic
graphs, and bicyclic graphs was proposed by Deng [7]. Extremal trees with respect to

the F-index was found by Abdo et al. [1]. F-index of some graph operations has been
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Figure 7. Transformation F.

studied by De et al. [6]. Some lower and upper bounds for F-index are found in [5, 8].
Recently, extremal F-indices for bicyclic graphs with k pendant vertices and extremal F-
index of a graph with k cut edges was found by Amin et al. [3, 4]. Topological indices for
new classes of benes network, algebraic invariants of edge ideals of some bristled circulant
graphs and ev and ve-degree based topological indices of silicon carbides was found in

[15, 18, 19]. Applications of symmetric conic domains to a subclass of g-starlike functions
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Figure 9. (a) Ri,j,k.,l? (b) R0707k,1.

and properties of certain subclasses of analytic functions involving g-Poisson distribution
was found in [16, 17].

Akhter et al. [2] have determined the extremal graph with respect to F-index among
the classes of connected unicyclic and bicyclic graphs. They have considered seven sub-
classes of bicyclic graphs having equal number of pendant edges attached to given number
of vertices, and ordered those subclasses with respect to F-index. But, in their study, all the
graphs across the different subclasses do not have equal number of vertices. Not all those
have equal number of pendant vertices also. If a graph G has n vertices, m edges and p com-
ponents, then ¥ = n—m+ p is called the cyclomatic number of G. Gutman et al. [11] have
determined the first through the sixth smallest F-indices among all trees, the first through
the third smallest F-indices among all connected graph with cyclomatic number y = 1,2,

the first through the fourth smallest F-indices among all connected graph with cyclomatic
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number ¥y = 3, and the first and the second smallest F-indices among all connected graph
with cyclomatic number y = 4,5.

In this study, we investigate the F-index of unicyclic graphs by introducing some trans-
formations, and characterize the unicyclic graphs for the first five maximal F-indices and

the unicyclic graphs with the first two minimal F-indices.

2. TWO TRANSFORMATIONS WHICH INCREASE THE F-INDICES

Let E; C E(G). We denote by G — E; the subgraph of G obtained by deleting the edges
in E;. Let W C V(G). G —W denotes the subgraph of G obtained by deleting the vertices
in W and the edges incident with them. Again let, E; C E (6), where G is the complement
of G. Then by G + E; we mean the graph obtained by adding the edges in E; to G.

We give two transformations which increase the F-index as follows.

Transformation A. Let uv be an edge of the graph G, dg(u) > 2, Ng(v) = {u,w1,wa,...,ws},
and wi,ws,...,w; are leaves. Then Gy = G — {vwy,vwa,...,vws} +{uwy,uwy, ..., uws}, as

shown in Figure 2, is said to be the graph obtained from G by Transformation A.
Lemma 2.1. Let G| be obtained from G by Transformation A, then F(G,) > F(G).

Proof. Let Go = G — {v,w1,wa,...,ws}. Clearly, the degree of each vertex of G| except u
and v is same as that of the corresponding vertex of G and is also equal to the degree of the
corresponding vertex in Gy, i.e., dg(i) = dg, (i) = dg, (i) for all i € V(Gy). For the vertices
u and v, we have dg, (u) = dg(u) +s,dg,(v) = 1,dg(v) = s+ 1.
By the definition of F-index, we have
F(G1)=F(G) = [dg,(u)+dg, (v)] - [dg(u) +dg(v)]
[(d () +5)° + 1] = [dg(u) + (s + 1)°]
= 3s(d2(u) — s+ sd(u) ~ 1)
= 3s(dg(u) —1)(dg(u) +1+s)
> 0 (since dg(u) > 1).

Hence, F(G;) > F(G). O

Remark 2.2. Using Transformation A repeatedly, any unicyclic graph can be transformed

into such a unicyclic graph that all the edges not on the cycle are pendant edges.
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Transformation B. Let # and v be two vertices in G. Also let uy,u,...,us are the leaves
adjacent to u and dg(u) < dg(v). Then G| = G — {uuy,uuy, . .. ,uus} + {vuy,vuy, ... ,vuy},
as shown in Figure 2, is said to be the graph obtained from G by Transformation B.

Lemma 2.3. Let G| be obtained from G by Transformation B. Then F(Gy) > F(G).

Proof. Since the degrees of all the vertices in G and those of all the vertices in G are same,

except for the vertices u and v, where dg(u) < dg(v), we have
F(GI)~F(G) = dg,(v)—dg(v)+dg, (u) —dg(u)
(dg(v) +5)° —dg(v) + (dg(u) —s)* — dgs(u)
= 3S<d(;(v) —i—d(;(u))(a’(;(v) — d(;(u) +S) > 0.
Hence, F(Gy) > F(G). O

Remark 2.4. Using Transformation B repeatedly, any unicyclic graph can be transformed

into such a unicyclic graph that all the pendant edges are attached to the same vertex.

3. SOME TRANSFORMATIONS WHICH DECREASE THE F-INDICES

Transformation C. Let G # P; be a connected graph and we choose u € V(G) and G de-
notes the graph that results from identifying u with the vertex v, of a simple path viv;...v,, 1 <
k < n. The graph G, obtained from G, by deleting v;_v; and adding v;_v,, as shown in
Figure 4, is said to be the graph obtained by applying Transformation C to the graph Gj.

Lemma 3.1. Let G, be the graph obtained by Transformation C to Gy, as shown in Figure
4. Then F(Gy) > F(G»).

Proof. Let G = Gy —{vi,va,...,Vk—1,Vkt1,---,Vn}. Clearly, the degree of each vertex of
G, except vy = u and v, is same as that of the corresponding vertex of G; and is also
equal to the degree of the corresponding vertex in G, i.e., dg, (i) = dg, (i) = dg(i) for all
i € V(G). For the vertices v and v,, we have dg, (vi) = dg,(u) = dg(u) +2,dg,(vk) =
dG2 (M) = dG(I/t) + l,dGl (Vn) = l,dGZ(Vn) =2.
So, by the definition of F-index, we have
F(G1)—F(Gy) = (dg(u)+2)*+1—(dg(u)+1)*—8
= 3dc(u)(dc(u) +3) > 0.

Hence, F(G1) > F(Ga). O
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Remark 3.2. By repeated applications of Transformation C, any tree T attached to a graph
G can be transformed into a path attached to G and F-index decreases at each step of ap-

plying Transformation C.

Transformation D. Let # and v be two vertices in a graph G. G; denotes the graph that
results from identifying u with the vertex ug of a path ugu;u,...u; and identifying v with the
vertex vo of a path vovv,...v,. The graph G, obtained from G| by deleting uu; and adding
v:u1, as shown in Figure 5, is the graph obtained by applying Transformation D from G to
Gz.

Lemma 3.3. Let G, be the graph obtained from G, by Transformation D, as shown in
Figure 5, where dg(u) > dg(v) > 1,5 > 1 and t > 0.

(i) Ift > O, then F(G) > F(G»).

(ii) If t =0, and dg(u) > dg(v), then F(Gy) > F(G2).

Proof. (i) Since dg(u) > 1 and ¢ > 0, we have
F(G1)=F(G) = dg,(u)+dg, (v) —dg, (u) —dg, (vi)
= (d6(u)+1)° +1—d(u)—8
= 3d%(u)+3dg(u) —6 > 0.
Hence, F(Gy) > F(Ga).
(i) If t = 0 and d(u) > dg(v) then
F(G1)~F(Ga) = dg,(u)+dg, (vi) —dg,(u) —dg, (vi)
= (do(u) +1)* +dg(v) — dg(u) — dg(v)
= 3d%(u)+3dg(u)+1>0.
Hence, F(Gy) > F(G»). O
Remark 3.4. After repeated applications of Transformation D, any tree attached to a uni-

cyclic graph can be transformed into such a unicyclic graph that a path is attached to a cycle,

and F-indices decrease in each application of Transformation D.

Transformation E. Let G| be the unicyclic graph constructed by identifying the center of
S1n—k With a vertex u of a unicyclic graph G. Also let G, be the graph obtained from G
by identifying a pendant vertex of P, ;4 with a vertex u of G, as shown in Figure 6. The

graph Gj is said to be the graph obtained from G; by Transformation E.
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Lemma 3.5. Let the graph G, is obtained from Gy by Transformation E. Then F(G,) <
F(Gy).

Proof. Let G be the graph from which G is obtained by identifying the center of Sy ,,_; with
the vertex u of G. Also let vi,v,...,v,_; be the pendant vertices of S; ,_;. Then except
for the vertex u, the degree of each vertex of G, which is also a vertex of G is same as
that of the corresponding vertex of G| and is also equal to the degree of the corresponding
vertex in G, i.e., dg, (i) = dg, (i) = dg(i) for all i € V(G) \ {u}. For the vertices u and
V1,V2,. .., Vu—k, We have dg, (1) = dg(u) +n—k,dg,(vi) =dg,(v2) = ... = dg,(vu—i) =
l,dg,(u) =dg(u)+1,dg,(vi) =dg,(v2) = ... =dg,(Vh—ik-1) = 2,dc, (vu—i) = 1.

So, by the definition of F-index, we have
F(G))—F(Gy) = (dg(u)+n—k)*+(n—k)-1° - (dg(u) + 1) —(n—k—1)-23 - 13
=3d2(u)(n—k—1)+3de(u){(n—k)* -1} + (n—k){(n—k)* -7} +6 >0
since (n—k) > 1. Hence, F(Gy) < F(G)). O

Transformation F. Let G| be a unicyclic graph constructed by attaching n — k leaves to a
vertex u on a cycle of length k. By Transformation F, the graph G, is obtained from G; by
attaching two paths of length s and ¢, where s+t = n — k, at the vertex u, as shown in Figure
7.

Lemma 3.6. Let the graph G, be obtained from G by Transformation F. Then F(G,) <
F(G)).

Proof.Let G be the graph from which G is obtained by identifying the center of Sy ,,_; with
the vertex u of G. Also let vy,vy,...,v,_x be the pendant vertices of S ,_. Now we divide
(n— k) pendant vertices into two parts. One part contains s vertices and another part contains
t vertices. The graph G is obtained by identifying the vertex u of G with the vertex u of the
paths uu, and uw,. Then except for the vertex u, the degree of each vertex of G, which is also
a vertex of G is same as that of the corresponding vertex of G and is also equal to the degree
of the corresponding vertex in G, i.e., dg, (i) = dg, (i) = dg (i) forall i € V(G) \ {u}. For the

vertices u and vq,vy,...,v,—k, We have dg, (u) = dg(u) +n—k,dg,(vi) =dg,(v2) = ... =
dGl(ank) = 1,dG2 (u) = dG(I/t) + 2,dG2(u1) = dG2 (Ltz) = ... = dG2 (us_l) = 2,dG2 (Wl) =
dg,(w2) = ... =dg,(wi—1) = 2,dg,(us) = 1,dg,(w;) = 1. So,by the definition of F-index,
we have

F(G1)—F(Gy) = (dg(u)+n—k)*+(n—k)- 13— (dg(u) +2)° — (s —1)-23 — (t —1)-2° -
2-13=3d%(u)(n—k—2)+3dew){(n—k)>* -4} + (n—k){(n—k)> =7} +6 > 0,
since (n—k) > 2. Hence, F(G,) < F(G)). O



322 RUHUL AMIN & SK. MD. ABU NAYEEM
4. UNICYCLIC GRAPHS WITH LARGER F-INDICES

In this section, we obtain some upper bounds of the unicyclic graphs with respect to their

F-indices.

Lemma4.1. Let G € %F. Then F(G) < F(Gkr_l])), the equality holds if and only if G = G,((n])

Proof. Using Lemma 2.1 to Lemma 3.6, we have F(G) < F (G,(C"f ) and equality holds if and

only if G2 G\"). 0

Lemma 4.2. Let G € %,. Then

(i) F(G) < F(Gg"l)) with equality if and only if G = Gg"l)

(it) If G is not isomorphic to GF?;, then F(G) < F(Ggrfz) the equality holds if and only if

G = G(")
= U3

Proof. (i) By Lemma 4.1, we have F(G) < F(G,(("I))
Next we prove that F' (G,(Cnl) )<F (Gg"f )

By definition of F-index, we have
F(GI)~F(G) = (=1~ (n—k+2) +22° =22 (k= 1)+ (n—3) — (n—k)
= (k=3){(n—1P2+n-1)(n—k+2)+(n—k+2)>-7}>0
sincen—k>1and k > 3.
Hence, F (Gk'jl) )<F (ngb Therefore, F(G) < F (G;; ), the equality holds if and only if
G=af) | |
(i) By Lemma 4.1, we have, F(G) < F(G)).
Next we prove that if G is not isomorphic to Gg"f , then G,(cnl) < Gg"%
By definition of F-index, we have
F(G)—F(G) = (n-2P3+3+24+(n—-3)—(n—k+2)* — (k—1)-2> — (n— k)
= (k—4){Bn(n—k)+(k—2)*} —8(k—4)+8>0if k> 4.
If k=3 and G,((nl) is not isomorphic to Gg’f%, then obviously G,(Cnl) < ng%
Hence, F(G) gl F (Gg"%), the equality holds if and only if G = Gg’f). | O

Theorem 4.3. Let G € %} (k > 3). Then F(Gy'}) > F(G\)).

Proof. From the definition of F-index, we have
F(GI)~F(GY) = (n—k-2+2° =3~ (n—k+1)?
= 3(n—k)?+9(n—k)—2>0sincen—k > 0.
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Hence, F(G,:ll)) > F(Gl(cng) -
Theorem 4.4. Let G € %F be an arbitrary unicyclic graph. Then F <Gl(<n2)) >F (Ggﬂll)'

Proof. From the definition of F-index, we have

FGI)-F(Gl,) = (n—k+1)+1 =2~ (n—p)’
= 3(n—k)?>+3(n—k)—7>0sincen—k>2.
Hence, F(G,(cnz)) > F(G,(:_Zgljz). O

Theorem 4.5. Letp>g>r>0,and p+q+r=n—3. Then
(i) F(Sp.qr) < F(Spt1.g-1,), and (ii) F(Sp.gr) < F(Spg+1,-1)-

Proof. (i) By the definition of F-index, we have
F(Spgr) =F(Sprig1s) = (P+2)(q+20°(r+2)° = (p+3)* (g +1)° = (r+2)°
= (gq—p—-1)(3p+39g+12)<O0.

Hence, F(Spq.r) < F(Sp+1.9-1,r)-

(ii)
F(Spvq,r) _F(Sp7q+1-,r—1)
= (p+2P+(g+2>3+(r+2° = (p+2° - (g+3)° - (r+1)°
= (r—q—1)(3r+3¢+12)<0.
Hence, F(Spq.r) < F(Spgti1,r—1)- O

By attaching K; ,_s and K> to the adjacent vertices of C3, respectively, we have the

graph ngg. Also by attaching K ,_s to one vertex of C3 and K| » to another two vertices of

C3, respectively, we have the graph Ggr;)l. See Figure 8(a) and 8(b) for illustrations. Now,

F(G)) = (n—3) +23 +43 + (n—2)13 =’ —9n® +28n+43, and F(G{)) = (n—3)* +
3433+ (n—2)13 =n® —9n>428n+25.
By Lemma 3.5, Lemma 3.6, Theorem 4.5 and above calculations, we have the following

theorem.

Theorem 4.6. For n> 6, we have F(GY}) > F(GY)) > ...

Let . denote the set of graphs S, , .. Then by Lemma 3.5, Lemma 3.6, Theorem 4.5,
and Theorem 4.6 we have the following theorem.
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Theorem 4.7. For n > 6, the order in ¥ with respect to the F-indices is F (ngz ) >
F(G) > F(GS3) > F(GY) > ..

Let @/nl 3 be the set of unicyclic graphs with C3 being the only cycle and there is at least
one vertex in the graph, which is at distant > 2 from C3. Obviously, %,> = %> — .. By
Lemma 2.1 and Lemma 2.3, it is clear that the graphs with the largest F-indices in ?/,:3
must be made by attaching K ;(I > 1) to one of the pendent vertices of S; ; (i, j > 0,k > 1).
Denote the graph as R; s, as shown in Figure 9. Similar to Theorem 4.5, we have the

following theorem.

Theorem 4.8. Leti > j> 1,i+ j+k+1=n—3. Then, F(Ri+l,j71,k,l) > F(Ri,j,k,l)- In
particular, F(Riyjoxi) > F(Ri k1)

Proof. From the definition of F-index, we have

F(Riv1j1xs) =433+ G+ 1)+ (k+2)3+ (1 +1)>+(n—4),and F(R; jx;) = (i+
234+ (423 + (k+2)+ (I +1)> +n—4.

So, F(Riy1 j-141) = F(Rijrt) = (437 +(j+1)° = (i+2) = (j+2)° =3(* - j* +
5i—3j+4)>0.Hence, F(Rit1,j—1x1) > F(Rijk1)-

In particular, F (R jok1) > F(Rijri)- O

Theorem 4.9. Leti > 1. Then, F(R,'707k71) < F(R()J)’Hk,[).

Proof. From definition of F-index, we have

F(Rioxt) = (i+2)°+(k+2)>+ ([ +2° + (I +k+i—1)13,
and F(Rooiks) =22 +22+ (i+k+2)3+ (1 +2)3 + (I +k+i—1).

Then F(Rogirki) — F(Rooxs) =16+ (i+k+2)> — (i+2)* — (k+2)3 =23 = 3ik(i +
k+4) > 0. Hence, F(Ri’(),k’[) < F(R()’()Jurk’]). O

We shall denote R o x,1 simply as R 1 and also by Gg(’i)

Theorem 4.10. For n > 9, we have F(Gg’g)) <F(Rk1) < F(Gg"z))
Proof. By the definition of F-index, we have
F(GY3) = n® —9n® +28n + 43,
F(GY3) = n® —6n® +13n+24,

and F(Ry1) =n’ — 6n* +13n+12.

Therefore, F(Ry.1) — F(GY3) = 3n* — 15n—13 >0, and F(GY3) — F(Ry.1) = 12 > 0. Hence,
F(GY3) < F(Re1) < F(GY3). O
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Theorem 4.11. Forn>6,1>2, k+1+3 = n, we have F(G\")) > F(Ry).

Proof. From the definition of Ry ; and since k+/+3 = n, we have
F(Ryy) = 22422+ (k+2°+2°+k
= 244+(n—1-114(n-3-1)
= = 3n’ +4n+ 12+ 3nl> + (6n—3n?)l.

Let f(I) =n® —3n? +4n+12+3nl> + (6n—3n?)l, 1 € 2,n—4].
Then max f(I) = {f(2),f(n—4)} = n> —9n® +28n+ 12, (since f(2) = f(n—4)).
Therefore, F (Gg"i) > F(Rky). O

Theorem 4.12. Let n > 9. Then F-indices order in %, is
F(GY)) > F(GY3) > F(Gy})) > F(G{}) > F(GY}) > F(Re;) > ...

Let Gg'g be the graph obtained from a C4 by attaching n — 5 leaves to one of its vertices
and another leaf to the vertex which is at a distance 2 from the n — 3 degree vertex of Cjy.

By the definition of F-index, we have F (Gg"%) =n*—9n>+28n+ 12, and F (GE{‘)) =
n® —9n? 4+ 28n 4 12. |

Similar to Theorem 4.12, we have the following theorem.

Theorem 4.13. Let n > 6. Then F-index order in %" is

F (G‘(ﬂ)) >F (Gg”%) =F (Ggg)) >F (G;(f;) ) > ..., where G;(f;) is obtained from Gg’_f]_ D by at-
taching K, to one pendant edges of GXT b,

Theorem 4.14. Let n > 6. Then we have

(i) F(GY)) = F(G,), and

(ii) F(GY}) > F(GY3).

Proof. (i) By the definition of F-index, we have

F(GY) =242 424+ (n—2)%+ (n—4) =n® —6n2 + 130+ 12 = F(G,?).

(i) F(GY) — F(GY)) = (n® —9n® +28n+25) — (n® — 9n* +28n + 12) = 13.

Hence, F(ngi) > F(GS:Z). O

Combining all the above results, we have the upper bounds of unicyclic graphs with

respect to F-indices.

Theorem 4.15. For n > 6, we have
F(GY)) > F(GY)) > F(Gy})) = F(G{}) > F(G{}) > F(GY}) > ...
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5. THE LOWER BOUNDS OF THE UNICYCLIC GRAPHS WITH RESPECT TO
F-INDICES

Given integers n and k with 3 < k < n— 1, the lollipop L, is the unicyclic graph of
order n obtained from the two vertex disjoint graphs Cy and P,_; by adding an edge joining

a vertex of Cy to an end vertex of P,_;.

Theorem 5.1. The graph C,, is the unique graph with the smallest F -index among all uni-

cyclic graphs with n vertices.

Proof. First we shall prove that if G is a unicyclic graph with n > 7 vertices, then F(G)
attains the smallest value only if degree sequence of G is [2"]. Suppose F(G) attains the
smallest value and degree sequence of G is not equal to [2"]. Let C = uju,...uxu; be the
unique cycle in G. Then k < n and there is at least one vertex u; with d(u;) > 3. With-
out loss of generality, we assume d(u;) > 3. Choose a maximal C—path P[u;,v;] in G.
Clearly d(v;) = 1. Let G = G — ujuy + upvy. Then we have, F(G) — F(G) = [d®(u;) +
()] = [(d®(ur) — 1>+ (@>(v1) +1)*] = 3(d(uy) +d(v1))(d(u1) —d(v1) — 1) > 0. There-
fore F(G) > F(G'), a contradiction. Hence degree sequence of G is [2"].

Since among all unicyclic graphs, the cycle C, has only degree sequence [2"], it has

smallest F-index among all unicyclic graphs with n vertices. g

Theorem 5.2. Let G € %}, 3 < k < n— 1 be an arbitrary unicyclic graph. Then F(G) >
F (L), the equality holds if and only if G = L, ;.

Proof. By Transformation C, D and Lemma 3.1 and 3.3, the conclusion is obvious. O

Theorem 5.3. Let G € %, — C, be an arbitrary unicyclic graph, then F(G) > F(Lyx),
ke{3,4,..n—1}.

Proof. By the definition of L, s, we have F (L, ) = 8n+ 14. Therefore the value of F are

functions of n, not related to k, hence F (L, x) = F(L,;), where k € {3,4,....n—1} and k # 1,
i.e., if G is not isomorphic to Cy, then F(G) > F (L, ) for k € {3,4,...,n—1}. O

In this study, we have found the F-index of unicyclic graphs and characterize the uni-
cyclic graphs for the first five maximal F-indices and the unicyclic graphs with the first two

minimal F-indices.
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