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DIDACTIC TRANSFORMATION AND CLASSROOM MODULE
FOR THE PERCEPTRON:
WITH A FOCUS ON THE XOR PROBLEM

SEJUN OH®*

ABSTRACT. We develop a classroom module that introduces the perceptron through
the XOR gate, a compact example that links secondary-school mathematics (coordi-
nate geometry and systems of inequalities) to the idea that composing simple linear
separators can create non-linear decision boundaries. The module is organized as
three lessons and includes activity outlines, student-facing proof sketches for the
limitation of single-layer perceptrons on XOR, and a minimal two-hidden-unit con-
struction that realizes XOR. An optional computational lab visualizes a learned
decision boundary of a small multilayer perceptron trained on XOR.

1. Introduction

Artificial intelligence (AI) has rapidly moved from an advanced topic to a literacy
concern in school education, motivating the search for mathematically meaningful
and age-appropriate entry points. Internationally, widely circulated K—12 AI guide-
lines emphasize core ideas such as learning from data and representation [1, 2]. In
South Korea, the 2022 revised mathematics curriculum explicitly mentions elements
of simple neural models such as perceptron weights and activation functions [3]. At
the policy level, national strategies in multiple countries have also highlighted Al as
a key educational and economic priority [4, 5, 6].

Presentations that foreground gradient-based learning can be misaligned with stu-
dents’ mathematical prerequisites, depending on elective-track choices. This paper

therefore aims to transform the classical perceptron topic into a teachable module
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that is defensible within the curriculum and usable by teachers with heterogeneous
student backgrounds.

We center the module on the XOR function. XOR is easy to state (a truth
table on {0,1}2) yet it sharply exposes the expressive limitation of a single linear
separator, a point emphasized in early analyses of perceptrons [9]. Because the im-
possibility proof uses only coordinate geometry and elementary inequalities, XOR
offers a concrete link between familiar reasoning (lines and half-planes) and a foun-
dational machine-learning idea: depth as composition. In classroom settings, the
diagonal arrangement also helps surface a common intuition that “more training”
can solve any classification task, motivating the need for a new representational
structure.

The manuscript is organized as follows. Section 2 situates the module in a didactic
framework and curriculum constraints. Section 3 presents the design method and
a three-lesson sequence with optional computational extensions. Section 4 gives
the mathematical validation of the module in a classroom-friendly form. Section 5

discusses adaptations, misconceptions, and instructional moves.

2. Background: didactic framing and curriculum
constraints

2.1. Didactic transposition and design principles

Following Chevallard’s didactic transposition framework [11], we treat percep-
tron theory as savoir savant. Grounded in this perspective, we use the term di-
dactic transformation to emphasize the design of a classroom module. We design
a transformation into savoir enseigné by (i) selecting a minimal motivating prob-
lem (XOR), (ii) coordinating representations that are familiar to students (truth
tables — points — lines/half-planes), and (iii) emphasizing constructive reasoning

and classroom tasks over generality.
2.2. Educational validity grounded in prior research

The main outcome of this study is a teaching module, so the quality argument
concerns the design of a usable instructional artifact. In educational design research,
designed interventions are commonly discussed in terms of relevance/validity (fit to
goals and theoretical rationale), consistency (internal coherence), practicality (fea-

sible use in context), and effectiveness (learning impact), with the last category
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requiring empirical classroom testing [16, 17, 18]. This article focuses on valid-
ity /consistency and practicality by aligning the module with the 2022 curriculum
constraints, selecting a simple but mathematically decisive test case (XOR), and pro-
viding teacher-facing activity outlines with an optional computational visualization
(Section 3.4). Classroom implementation data are left for future studies.

The module design is grounded in prior research on how students make sense of
formal objects through coordinated representations and productive tensions. First,
the representation ladder (truth table — points — lines/half-planes) follows the idea
that mathematical understanding is supported by conversion among semiotic regis-
ters [12]. Second, the XOR “impossibility” moment is intentionally used as produc-
tive cognitive conflict: the failure of a single line creates a need for a new explanatory
structure (composition/hidden layer), consistent with conceptual-change accounts
[13]. Third, the optional computational component is designed to be novice-friendly
by starting from a given artifact and encouraging controlled modifications before
open creation, consistent with the Use-Modify—Create progression in computational
thinking integration [14]. Finally, the focus on interpreting weights, boundaries, and
depth supports Al literacy goals that emphasize understanding and critical inter-
pretation of learning systems [1, 15]. Recent work in mathematics education has
likewise argued for treating neural networks as meaningful mathematical learning
objects when the content is didactically reduced and connected to accessible math-
ematics [19]. Empirical studies and development work in Korea suggest that short
Al-mathematics modules that couple mathematical ideas with light-weight program-

ming/feedback can support students’ engagement and value recognition [20, 21].

2.3. Curriculum placement and prerequisites (Korea 2022 revised curriculum)

We position the proposed module as flexible with respect to course selection in
the 2022 revised curriculum [3]. The student-facing core can be taught with prereq-
uisites limited to: (i) coordinate-plane representation of points, (ii) the equation of
a line and half-planes, and (iii) basic manipulation of inequalities. These topics are
commonly available by lower secondary or early upper secondary levels, although
their timing can vary across elective tracks and local contexts. Section 5.3 provides
brief guidance for classes with weaker algebra backgrounds and for classes that have

not studied derivatives.



182 SEJUN OH

Table 1. Design principles, theoretical grounding, and operational-
ization in the proposed module.

Design principle Grounding (examples) Realization in this paper

Multiple represen- Semiotic representation Al truth table — points; A2

tations theory [12] line/half-plane; A3 diagonal argu-
ment

Productive conflict Conceptual change [13] A3 “structured failure” of a sepa-

rating line for XOR

Scaffolded coding ~ Use-Modify—Create [14]  Section 3.4: run (use) — change
hyperparameters (modify) — ex-
tend to a new Boolean task (cre-

ate)
AT literacy AT literacy competencies Interpreting weights geometri-
[1, 15] cally; depth as composition; in-
terpreting a decision boundary
plot
Korean implemen- Korean Al-math mate- three-lesson scope; prerequisite
tation evidence rial /intervention studies control; optional visualization for
20, 21] heterogeneous contexts

2.4. Two-level exposition

A recurring obstacle in teaching neural networks in secondary school is that
learning rules are often presented via multivariable calculus. To keep the classroom
narrative feasible, the main text avoids multivariable derivations and uses finite-
difference intuition when discussing optimization. Supplementary material provides
instructor notes that connect the classroom narrative to more formal statements
(e.g., backpropagation as a structured application of the chain rule) without requir-

ing the full formalism in student work.

3. Design method: a three-lesson classroom module

3.1. Learning trajectory (overview)

The module proceeds in three phases: (1) represent Boolean functions by points
on the coordinate plane, (2) interpret a perceptron as a line-based classifier and
identify why XOR fails, and (3) introduce composition (a hidden layer) and learning-

as-optimization to recover XOR.
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Three-lesson pacing (suggested). The activities can be organized into three
50-minute class periods as follows: (Lesson 1) Activities A1-A2; (Lesson 2) Ac-
tivity A3 and the constructive resolution in Activity A4; (Lesson 3) Extension A5
and the optional computational visualization in Section 3.4, with a short written

reflection /assessment.

3.2. Activity set (teacher-facing outlines)

Activity Al: From truth tables to points. Students convert a two-input truth table
f :{0,1}? — {0,1} into labeled points in the plane. The central question is: Can
one straight line separate the points labeled 1 from those labeled 0¢

Activity A2: Construct OR/AND as perceptrons. Given a perceptron y = H(wiz1+
waxe + b), students search for weights implementing OR and AND. They interpret
w121 + wexy + b =0 as a line and the sign as a half-plane.

Activity A3: XOR as a structured failure. Students attempt a separating line for
XOR and discover the “diagonal” obstruction. This failure motivates a new mathe-
matical tool: composition of two separators (see Figure 1). Possible teacher prompts
include: (i) “Try to draw a separating line—what goes wrong for the two diagonal
pairs?” and (ii) “If you move the line, can you ever keep both positive points on
one side without capturing a negative point? Explain.”

Activity A4: Solve XOR with two hidden neurons (composition). Students build
XOR from two linearly separable gates (e.g., NAND and OR) and verify a concrete
2-2-1 network that realizes XOR (Section 4.4).

Extension Activity Ab: Linearizing XOR by feature augmentation. This optional
extension reframes the XOR difficulty as a representation issue. Students construct

an additional feature
x3 1= (21 — 22)%,
and observe that XOR becomes a linear separation problem in the augmented space

(x1, 22, 23).

Proposition 3.1 (Feature linearization of XOR). For (z1,x2) € {0,1}2, let x3 =
(r1 — x2)%. Then XOR(x1,x2) = x3. Hence the plane x3 = 0.5 separates the two
XOR classes in (x1,x2,23), equivalently y = H(x3 — 0.5).

Proof. The four cases are listed in Table 2; in each row the computed value of z3
matches the XOR label. O
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1 -
(0, 1) (1, 1)
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x class 1
(0, 0) (1, 0)
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0 1
x1

Figure 1. XOR data on {0,1}2: the positive points (0,1) and (1,0)
lie on one diagonal and the negative points (0,0) and (1,1) lie on
the other. Different markers indicate the two classes. No single line
separates them.

Table 2. A feature augmentation that linearizes XOR.

r1 1wy y=XOR(x1,72) z3= (1 — 29)>

0 0 0 0
0 1 1 1
1 0 1 1
1 1 0 0

3.3. Assessment ideas (quick checks)

e Explain in one sentence what “linearly separable” means using the coordinate-
plane representation.

e Given a truth table, predict whether a single-layer perceptron can implement it
and justify with a sketch.

e Describe why adding a hidden layer can create a non-linear boundary even though

each neuron uses a line.
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Figure 2. Decision boundary of a trained 2-2-1 multilayer percep-
tron with sigmoid activations on XOR. The contour indicates the 0.5
decision threshold; the model separates the diagonal classes by a non-
linear boundary created through composition of two hidden units.

3.4. Optional computational visualization

When computers are available, students can run a short script to train a small
multilayer perceptron (MLP) on XOR and visualize the learned decision bound-
ary. Figure 2 shows a typical learned boundary; Figure 3 shows the corresponding
training-loss curve (log scale). The reference script used to generate these plots
(fixed seed, initialization scale 1.0, learning rate 0.5, and 10000 epochs) is provided
in Supplementary Material C. For classroom comparison across groups, fixing the
seed and keeping the learning rate/epoch count consistent helps keep outputs com-

parable.

4. Mathematical validation in classroom-friendly form

4.1. Perceptron as a linear separator and linear separability
A (two-input) perceptron computes

(1) Yy = H(wlml + woxs + b), (:L'l,xg) S RQ,
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Training loss on XOR (2-2-1 MLP)
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Figure 3. Training loss (mean squared error) during gradient descent
on XOR for the 2-2-1 sigmoid MLP used to produce Figure 2 (log
scale).

where H(z) =1if z > 0 and H(z) = 0 otherwise.

Definition 4.1 (Linearly separable). A labeled dataset {(z;,v;)} with 2; € R? and
y; € {0,1} is linearly separable if there exist (wy,ws,b) such that y; = H(wixig +
wox; 2 + b) for all .

4.2. A minimal non-linearity proposition
Proposition 4.2 (Two-input Boolean functions). Among the 16 Boolean functions

f:{0,1}2 = {0, 1}, ezactly two are not linearly separable: XOR and XNOR.

Proof idea. Plot the four inputs as the vertices of a square. Any linearly separable
function must label one side of some line as 1 and the other side as 0. Exhausting the
possible labelings shows that all cases except the diagonal patterns (XOR/XNOR)

admit such a line. g
4.3. The XOR impossibility theorem (central result)

Table 3 gives the XOR truth table, and Figure 1 shows the corresponding labeled

points in the plane.

Theorem 4.3 (XOR impossibility). No single-layer perceptron of the form (1) can
implement the XOR function in Table 3.
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Table 3. XOR truth table.

Tr1 T2 XOR(.’El, :EQ)
0 0

=0 O

1 1
0 1
1 0

Proof sketch (inequalities). Assume y = H(wix1 + wozo + b) matches XOR. From
XOR(0,0) = 0 we get b < 0. From XOR(1,0) = 1 and XOR(0,1) = 1 we get
wi+b > 0 and we+b > 0, hence wy > —b and wy > —b. Adding gives wi+wy > —2b.
But XOR(1,1) = 0 implies wy + wo + b < 0, i.e., wy + we < —b. Since b < 0, we
have —2b > —b, so w; + w9 > —2b contradicts wy + wo < —b. O

4.4. A minimal two-hidden-neuron realization of XOR

A convenient constructive solution uses two hidden units that compute linearly

separable gates, then combines them at the output unit. One concrete choice is:

hi=H(x1+22—3) (OR gate), hy = H(—z1 — 22+ 3) (NAND gate),

XOR(.rl,:BQ) = H(hl + ho — %)

This realizes XOR with a 2-2-1 network using only threshold units and elementary
inequalities. The use of two hidden threshold units is minimal in this setting: with
only one hidden threshold unit followed by a threshold output, the resulting clas-
sifier is either constant or equivalent to a single half-plane classification (possibly

complemented), and Theorem 4.3 rules out such a representation for XOR.

4.5. Learning as optimization

For students, learning can be framed as choosing parameters to reduce a loss
(misclassifications or squared error). Without derivatives, students can approximate
“which way to move” a parameter by finite differences:

0L _ L(w+ Aw) — L(w)
ow Aw '

Instructor notes that connect this intuition to a more formal gradient viewpoint are

provided in Supplementary Material A.
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5. Discussion and instructional implications

5.1. Mathematical connections

The module builds a coherent storyline from secondary mathematics: lines and
half-planes (decision boundaries), systems of inequalities (proof of impossibility),

and function composition (hidden layers creating non-linear boundaries).
5.2. Anticipated student difficulties and instructional responses

Several student difficulties may arise from the mathematical structure of the mod-
ule. First, students may think that “more training” should eventually allow one
neuron to solve XOR. In this case, teachers can return to Theorem 4.3 and the
diagonal representation in Figure 1, emphasizing that the obstruction is represen-
tational rather than computational. Second, students may interpret a multilayer
network as merely a larger linear classifier. Teachers can address this by highlight-
ing that the hidden layer composes half-plane decisions and by using the non-linear
decision boundary in Figure 2. Third, students may regard backpropagation as a
mysterious algorithmic procedure. A useful response is to trace how one weight

affects the final loss along a computation graph, as in Supplementary Material B.
5.3. Limitations and adaptation

The calculus-dependent treatment of learning should be adjusted to course selec-
tion. For classes with weaker algebra backgrounds, teachers may reduce the symbolic
manipulation in the proof sketches and rely more on truth tables, plotted points,
and guided line-drawing tasks before introducing the inequality notation. If stu-
dents have not studied derivatives, teachers can keep the finite-difference intuition
and qualitative “move-the-line” activities. If derivatives are available, teachers can
enrich the module by connecting finite-difference slopes to gradients. Finally, this
manuscript foregrounds the design and mathematical framing of a classroom mod-
ule rather than reporting classroom implementation data; systematic evaluation of

learning impact is best addressed through subsequent implementation studies.

6. Conclusion

We presented a didactic transformation of the perceptron with a focus on XOR.

The contribution is a designed module and its mathematical validation, not a report
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of classroom implementation data. By using XOR as a minimal non-linearity case
and coordinating truth tables, points, inequalities, and composition, the module
provides a practical pathway from secondary mathematics to foundational ideas in
machine learning. Optional computational visualization complements the classroom

narrative by making decision boundaries tangible.

A. Instructor notes and technical background

These notes provide background for instructors who wish to connect the classroom

activities to standard formal results.

A.1. Linear separability and perceptron solvability

A dataset is linearly separable if and only if there exist weights (w, b) such that
w-x+ b >0 for every positive point x and w -z 4+ b < 0 for every negative point x.
With the convention H(z) = 1 for z > 0, the positive class lies on the nonnegative

side of the separating hyperplane and the negative class lies on the negative side.

A.2. Perceptron convergence theorem

If a dataset is linearly separable, the perceptron learning algorithm converges in

finitely many updates to a separating hyperplane [7, 8].

A.3. Backpropagation in an L-layer network

For a feedforward network with differentiable activations, the gradient of the loss
with respect to each weight can be computed by propagating error signals backward

through the layers (backpropagation) [10].

B. Computation-graph worksheet for explaining
backpropagation

This supplementary material provides a one-page worksheet that explains back-
propagation as repeated multiplication of local derivatives along a computation

graph, without requiring students to expand multivariable partial derivatives.
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Worksheet (handout)
Consider a minimal sigmoid network with one input and one hidden unit:
z1=wir+ b1, ay=o0(z21), 2z2=way+be, as=o0(22),
and the squared-error loss L = 1(as — y)?. Use the identity o’(z) = o(2)(1 — o(2)).

Snapshot values. Let x = 1, y = 0, and suppose a forward pass produced z; = 1.0,
a1 = o(z1) = 0.731, 0/(21) = 0.197; and 25 = 0.731, az = o(z2) = 0.675, 0’(22) =
0.219.

Tasks. Fill in the blanks.

(1) Output error signal:

oL
dg = 9 (ag — y)o'(z2) =

(2) Output-layer gradients:

oL OL
Ows M= by 7
(3) Hidden error signal:
oL ,
51 = = (5211120’ (Zl).

621
(Use wg = 1 for this worksheet.) Compute §; =
(4) Input-layer gradients:
o oL
- by

(5) Interpretation (one sentence): explain why each gradient is a product of “(error

01 =

at the end) x (local slopes along the path)”.
Instructor answer key
Using the snapshot values in the worksheet,

8y = (0.675 — 0) - 0.219 ~ 0.148,

oL oL

— =~ 0.148 - 0.731 =~ 0.108 — ~0.148

8’LU2 ’ 8()2 ’
01 ~ 0.148 - 1-0.197 =~ 0.029,

oL oL
— 2~ 0.029 — ~0.029.
8w1 ’ abl

The small discrepancies that can occur from rounding are acceptable for the work-
sheet.
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C. Reference script for the computational visualization

The figures in Section 3.4 were produced by training a 2—2-1 sigmoid MLP on
XOR with simple gradient descent and then evaluating the model on a grid to
plot the contour § = 0.5. For classroom use, it can be helpful to fix a random
seed so that groups obtain comparable plots. With the settings below, the final
predictions at the four XOR inputs are close to (0,1,1,0), and the script writes

fig2 decision_boundary.pdf and fig3_loss_curve.pdf in the current directory.

# xor_mlp_reference.py
import numpy as np

import matplotlib.pyplot as plt

def sigmoid(z):
return 1.0 / (1.0 + np.exp(-2))

def sigmoid_prime(z):
s = sigmoid(z)

return s * (1.0 - s)

# XOR data
X = np.array([[0, 0],

(o, 11,

(1, 0],

[1, 111, dtype=float)
y = np.array([[0],

(11,

(11,

[01], dtype=float)

# 2-2-1 network parameters (fixed seed for reproducibility)

rng = np.random.default_rng(0)
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Wl = rng.normal (scale=1.0, size=(2, 2))
bl = np.zeros((1, 2))
W2 = rng.normal(scale=1.0, size=(2, 1))
b2 = np.zeros((1, 1))

lr = 0.5
epochs = 10000

loss = []

for _ in range(epochs):

# forward
zl =X QW1 + bl
al = sigmoid(z1)

z2 = al @ W2 + b2
a2 = sigmoid(z2)

# mean squared error (MSE)
L = np.mean((a2 - y) *x 2)
loss.append (L)

# backward

dL_da2 = 2.0 * (a2 - y) / len(X)

dL_dz2 = dL_da2 * sigmoid_prime(z2)

dwW2 = al.T @ dL_dz2

db2 = np.sum(dL_dz2, axis=0, keepdims=True)

dL_da1l
dL_dz1
dwi = X.T @ dL_dz1

dbl = np.sum(dL_dzl, axis=0, keepdims=True)

dL_dz2 @ W2.T
dL_dal * sigmoid_prime(z1)

# gradient descent update
W2 -= 1r * dW2
b2 -= 1r * db2
Wl -= 1r * dWil
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bl -= 1r * dbl

# decision boundary on a grid
grid = np.linspace(-0.5, 1.5, 201)
XX, yy = np.meshgrid(grid, grid)

G = np.c_[xx.ravel(), yy.ravel()]

z1 =G Q@Wl + bl
al = sigmoid(z1)
z2 = al @ W2 + b2

p = sigmoid(z2) .reshape(xx.shape)

plt.figure()

plt.contourf(xx, yy, p, levels=np.linspace(0, 1, 21), alpha=0.85)

plt.colorbar(label="y")

plt.contour(xx, yy, p, levels=[0.5], linewidths=2)

plt.scatter(X[y[:, 0] == 0, 0], X[y[:, 0] == 0, 1], marker="o",
label="class 0")

plt.scatter(X[y[:, 0] == 1, 0], X[y[:, O]
label="class 1")

plt.xlabel("x1")

plt.ylabel("x2")

plt.title("Decision boundary of a trained 2-2-1 MLP (sigmoid)")

plt.legend()

plt.tight_layout ()

=1, 1], marker="s",

plt.savefig("fig2_decision_boundary.pdf")

plt.figure()

plt.plot(loss)

plt.yscale("log")

plt.xlabel ("Epoch")

plt.ylabel("MSE loss")

plt.title("Training loss on XOR (2-2-1 MLP)")
plt.tight_layout ()
plt.savefig("fig3_loss_curve.pdf")
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