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WAVELET AMENABLE FRAMES IN SEPARABLE HILBERT
SPACES

RisHI DEV ¢, EASWARAN NAMBUDIRI T C °
AND MURALEEDHARAN T K *

ABSTRACT. We introduce wavelet amenable frames which are generated by the
cyclic actions of a pair of special kind of operators on a single vector in separable
Hilbert spaces and discuss some of its aspects. Frame operators of these frames are
characterized. A necessary and sufficient condition for a pair of wavelet amenable
frames to become canonical dual frames to each other is also obtained by observing
an intertwining property of the frame operator.

1. INTRODUCTION

An interesting theme in frame theory is to construct frames by the cyclic actions of
a pair of operators on a single reasonable vector in the given space. Weyl-Heisenberg
frames (also known as Gabor frames) and wavelet frames are generated in L?(R) in
this manner where, translation, modulation and dilation operators are playing the
role for the cyclic action. However, the main obstacle in general frame theory to carry
forward the same idea is that the operators used for defining Gabor or wavelet frames
can not be defined in general Hilbert spaces. We attempt to overcome this problem
in the context of wavelet frames by bringing the dilation and translation operators
defined on L?(R) to act on the general separable Hilbert spaces through suitable
bounded linear invertible transformations defined from L?(R) into the Hilbert space

concerned.
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2. PRELIMINARIES

Frames in Hilbert spaces are generalizations of orthonormal bases. The image
of an orthonormal basis under an invertible operator is a frame known as a Riesz
basis.Formally, a frame in a separable Hilbert space H is a countable family {uy}
of vectors admitting some positive constants o and § to satisfy the inequalities
allz)? < 324 o, ug)|* < Bljz||? for every o € H.

The frame operator of a frame {uy} in a Hilbert space H is the bounded linear,
positive, invertible operator S defined by Sz = ), (x,ur)ur, © € H, where the
series converges unconditionally in H. For a given frame {uy}, its image {S™!(ux)}
under S~ is also a frame in H, known as the canonical dual frame of {uy}.

A set of functions in L?(R) of the form {D Tyt : k,m € Z} formed by dilates
and translates of a ) € L*(R), where a > 1,b > 0 is called a Wawvelet system. If a
wavelet system becomes a frame, it is called a wavelet frame. Here the function
is known as the generator of the frame.

One of the main problem with the wavelet frame operator is that it need not
commute with the involved translation operators T, of the wavelet frame concerned,
so that the canonical dual frame need not have the wavelet frame structure (see [1],
4]).

More preliminary details on the topic of discussion of this article can be found in
1], [2], [8] and [9].

3. WAVELET AMENABLE FRAMES

Let H be a separable Hilbert space and A : L?(R) — H be an invertible bounded
linear transformation. Then A maps every wavelet frame W = {D Tt : k,m €
Z} from L%(R) to a frame A(W) in H. In fact, the image of a frame under every
surjective bounded linear transformation between two separable Hilbert spaces is
again a frame (see [10]). The image frame A(W) has an interesting structure in H
whenever A : L?(R) — H is invertible. We consider the map A to be invertible rather
than unitary since non unitary approaches are also significant in many contexts like
quantum field theory (see [11]). To observe and analyse this, we need the following

notations and definition:
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Given two invertible bounded linear transformations A, B : L?(R) + H and
k,m € Z, let D = AD,A™" and T5 = BT,,B~'. Then D/, = (Di)* and
TB, = (TP)™ for all k,m € Z.

mb

Definition 3.1. Let K and H be separable Hilbert spaces over C, K € B(K) and
H € B(H). An operator ¥ € B(K,H) is said to be intertwining K and H locally at
some ¥ € K if ¥(Kvy) = H(Vy).

In the case when K = H, ¥ € B(H) is said to be commuting with H locally at
some ¢ € H if W(Hvy) = H(Vy) (see [7]).

Proposition 3.2. Let H be a separable Hilbert space, A, B : L*>(R) — H be two
invertible bounded linear maps and W = {DxT,p) : k,m € Z} be a wavelet system
in L2(R). Then A(W) = {Dg‘kTﬁb(A(w)) : kym € Z} if and only if A='B commutes
locally with the family {Tptmez at B~H(A()).

Proof. For a wavelet system W = {D«T,p¢ : k,m € Z} in L?(R), we have

AW) = A{DpTopty - kym € Z}) = {AD . Tptb - k,m € Z}

= {AD T A7 h : k,m € Z} where A(y)) = h € H.
Hence AOW) = {AD T,y A'BB™ h: k,m € Z}
={AD_ A"'BT,,,B~'h : k,m € Z} if A~' B commutes locally with

the family {T}}mez at B~1h = B7LA(3)).
Thus A(W) = {D;“kTﬁbh : k,m € Z} in this case.

Conversely, if AW) = {D;‘kTﬁbh : k,m € Z}, then for all k,m € Z,

AD Tyt = DA TE h = AD o A~ BT, B~ h

Since A(w)) = h, this gives AD Ty A~ h = AD 1 A~ BT, B~ 1h.
Then T}y A~ h = A= BT, B~'h since AD, is invertible.
Hence T, A~'BB~'h = A~ BT,,, B~ 'h for all m € Z, as required. O

In the proof above, the presence of the operator A™'B between the operators
D and T, is very delicate in the aspects of wavelets in L(R), as discussed in [6].

We proceed with the following definition.

Definition 3.3. A wavelet amenable frame in a separable Hilbert space H is a frame
of the form {kaTT],fbh k,m € Z} = {(D)H¥(TP)Y"h : kym € Z} where a > 1, b > 0
and A, B : L?*(R) — H are invertible bounded linear maps.
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Proposition 3.4. Every separable Hilbert space contains wavelet amenable frames.

Proof. For every pair (a,b), a > 1, b > 0, of frame parameters, there is always a
wavelet orthonormal basis Wy = { Dk Trnpt00 }kmez in L%(R) (see [3]). For the same
pair (a,b), by Theorem.4 in [5], there are over complete non-tight wavelet frames,
all with canonical duals of the same wavelet frame structure. The frame operator S
of such a frame is invertible, non unitary and commutes with D,z and 75, for all
k,m € Z.

Let H be a separable Hilbert space. Choose an orthonormal basis of the form

{exm : k,m € Z} in H. Define U(f) = > (f, DgxTrptbo)er,m for all f € L%(R).
k,m€eZ

Then U : L%(R) + H is unitary. Let A= US and B =US~!. Then 4, B : L?(R) >
H are invertible, (but non unitary).

Since A7'B = (S71)2, it commutes with T},,;, for all m € Z. Thus, by Proposition
3.2, AWy) = {kaTﬁbA(@bo) : k,m € Z}. and this image is a frame since A is
surjective. Hence {D:?,CTnlfbA(ng) : k,m € Z} is a wavelet amenable frame in H. In

fact, it is a wavelet amenable Riesz basis in H. ]

At the end of this section, we provide a necessary and sufficient condition for
a wavelet amenable frame to have the wavelet amenable frame structure for its
canonical dual frame.

Analogous to the characterisation of the wavelet frame operator appeared in [7],
a characterisation of the frame operators of wavelet amenable frames is presented

now.

Theorem 3.5. An operator S € B(H) becomes the frame operator of a frame
{kaTgbh}k,meZ inH if and only if S = WU* where ¥ € B(H) is surjective and WU :
L%(R) — H intertwines locally the families {D g Tpp tkmez and {kaTT]gb}k,meZ at
the generator of every wavelet basis { Dk Tmptbo }kmez for every unitary transforma-
tion U : L*(R) — H.

Proof. Let Sa p be the frame operator of a frame {kaTgbh}k,meZ inH. IfW, =
{D kTrnptbo }k.mez i3 a wavelet orthonormal basis in L?(R) with the same frame
parameters a > 1, b > 0, then for any unitary transformation U : L?(R) +— H,
U(W)) is an orthonormal basis for H. Let hg = U(1)p).

Define ¥(z) = > (=, UDakTmbw0>D;4kT£bh for all z € H.
k,m€eZ

Then ¥ € B(H) maps U(W)p) to the frame {kaTrgbh}k,mEZ~
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Since W(UD i+ Tptbo) = kaTﬁbh for all k,m € Z we obtain ¥(hg) = h and
U(UD g Trptho) = DATE, W (h) for all k,m € Z. Hence for all k,m € Z, (¥U)D,,
Tretpo = Do T, (U) (o).

Thus the operator U : L?(R) — H intertwines locally the families { D s Ty b mez
and {DﬁeTgb}k,meZ at 1g.

Now

lI"\I/*(‘IL‘) = Z <\Il*(x)7UDak mepO)D(ﬁvTﬁbh
km€eZ
= > (z, VUDwTrptpo) DT B
kmeZ
= X (&, DLToh DT h
km€eZ
= Sa,B(z) for all z € H.

Since Sa p is invertible, for each h € H, there is b’ € H with Sq p(h') = h. Hence
UU*(h') = h so that ¥(z) = h where x = U*(h'). Thus ¥ is surjective.

Conversely, assume that ¥ € B(H) is surjective and WU intertwines the families
{D,xTinp } ke mez and {DﬁkTﬁb}k,mGZ locally at the generator 1y of a wavelet basis
{DxTrnptbo } k,mez where U : L*(R) + H is a unitary map.

Then YU ({Dyx Trnpto } kmez) = kaTn]fb(‘IlU)(i/Jo)) is a frame in H since YU is
surjective and { Dk Tynpto}k,mez is an orthonormal basis. The frame operator of
this frame is VU(YU)* = VUU*¥* = UU*, O

Let A, B : L%(R) — H be two invertible bounded linear maps. Then (A*)~!, (B*)~!:
L?(R) — H are also invertible bounded linear maps. Let (4*)~™! = C and (B*)~! =
D. Then a given wavelet frame { D x Tynpt) rmez yields two wavelet amenable frames
{kaTﬁbhl}k,mEZ and {D%Trgbhﬂk,mez respectively in H. If {DTnpt} i mez is a

wavelet basis, these frames are dual frames to each other.

Theorem 3.6. Let A, B,C, D : L*(R) > H be invertible bounded linear maps. Then
the frames {kaTnjfbhl}hmeZ and {D&Tﬁbhg}kmez are dual frames to each other
if and only if ASC* = Iy (= CSA*), where S is the frame operator of the wavelet
frame {Dox Trpth} kmez in L2(R).

Proof. Let S be the frame operator of the wavelet frame {D g Typ% Hrmez in L2(R).
Then for all z € H,
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> (&, DGR he) DT

k,m€eZ
= > (2,C(DuTnpt)))A(D sk Trnpth)
km€eZ

= A( Y (C*(x), Do Typt)) Do Tyt
k,m€eZ

= ASC*(x),
= z if and only if ASC* = Iy.

Similarly, > (=, Dg‘kTbehl)Dgchbhg = ¢ for all € H if and only if CSA* =
k,meZ
Iy, O

Corollary 3.7. Let A, B : L?*(R) — H be two invertible bounded linear maps. Let
C = (A"t and D = (B*)™Y. If {D Ty }kmez is an orthonormal basis in
L?(R), then the frames {D(ﬁcTﬁbhl}k,meZ and {D%Tn?th}k,mEZ are dual frames to

each other.

Proof. If { Dk Tyt b i mez is an orthonormal basis in L?(R), then S = I so that the

claim follows from Theorem 3.6 above. O

Theorem 3.8. The canonical dual frame of a frame {kaTrgbhl}k,meZ in H will be
of the form {Dg’;cTrgth}k,meZ where C' = (A*)™', D = S;';B and SZ,lBhl = ha.

Proof. Let A, B : L*(R) — H be two invertible bounded linear maps and S g be
the frame operator of the frame {DaAk Tﬁbhl} kmez in H. Then
Sap(D) (x) = X {(DA)*(x), DATmh) DAT b

k,meZ
— kmg@;e Z(x, DADATE hi)DATE hy
= k,v%:ez@’ DAL TB h)DATE by
- W;EZ@, DATE h)DA_\T5 hy
_ bg‘l(j S e DATE M) DATEM)

= Df_lSA,B(z) for all z € H.
Thus SA,B(D:?l)* = Df_lSA,B or SA,B(D(‘?_Z)* = DflSA,B and hence the frame op-
erator S4 p of the frame {kaTgbhl}k’mGZ intertwines the operators D(‘:‘,l with
(D(‘;‘l)*, l € Z. However, S4 p need not have this property in terms of the operators
T5,.m e Z.

mb?
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Since Sap(DA,)* = DASap = S pDA = (DL,)*Sy Yy for all | € Z, the

canonical dual frame of the frame {D;‘k Tﬁbhl}k,meZ is given by

Sap({DR T h Yk mez)
= 5, 5({D4 BT,y B h Y mez)
= {84 DA BTmB™ S4B S ghi }emez
= {(Dgl—k)*(SZ,I{BBTmb(SZ,lBB)_l)(SZ}Bhl)}k,meZ
= (D) Ty ™ S5 g bomez
= {(DL) TR haYkmez, where D = S35 B and S 'phi = ho
= {(ADg-+ A" )* T2 ho Yy mez
= {(A") "D A" T, ha} i mer.
= {DS.TE ho} i mez where C = (A*)7L. O

Corollary 3.9. The canonical dual frame of a frame {Dg‘an]fbhl}k,meZ in H will
be of the form {(Df_k)*Tﬁbhg}k7m€Z if and only if SZ}B commutes locally with T3,
forallm e Z at hy € H.

Proof. By Theorem 3.8, the canonical dual frame of the frame {kangbhl}k,meZ
will be {(DA,)* TS, ha}kmez, where C = S 'z B and S '5hy = hy. Hence
Sy sUDLTE h Y kmez) = {(DA)* (S 5B)Tnn(S 3 5 B) ™) S 4 5hi emez
so that
SZ}B({D;‘/cTrEbhl}k,mEZ) = {(Df—k)*BTmbB_ISZ}Bhl}k,mGZ
= {(fok)*TrngZ,lBhl}k,mez

if and only if SZ,IB commutes locally with Tﬁb for all m € Z at hy € H. O
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