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WAVELET AMENABLE FRAMES IN SEPARABLE HILBERT

SPACES

Rishi Dev a, Easwaran Nambudiri T C b

and Muraleedharan T K c,∗

Abstract. We introduce wavelet amenable frames which are generated by the
cyclic actions of a pair of special kind of operators on a single vector in separable
Hilbert spaces and discuss some of its aspects. Frame operators of these frames are
characterized. A necessary and sufficient condition for a pair of wavelet amenable
frames to become canonical dual frames to each other is also obtained by observing
an intertwining property of the frame operator.

1. Introduction

An interesting theme in frame theory is to construct frames by the cyclic actions of

a pair of operators on a single reasonable vector in the given space. Weyl-Heisenberg

frames (also known as Gabor frames) and wavelet frames are generated in L2(R) in
this manner where, translation, modulation and dilation operators are playing the

role for the cyclic action. However, the main obstacle in general frame theory to carry

forward the same idea is that the operators used for defining Gabor or wavelet frames

can not be defined in general Hilbert spaces. We attempt to overcome this problem

in the context of wavelet frames by bringing the dilation and translation operators

defined on L2(R) to act on the general separable Hilbert spaces through suitable

bounded linear invertible transformations defined from L2(R) into the Hilbert space

concerned.
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2. Preliminaries

Frames in Hilbert spaces are generalizations of orthonormal bases. The image

of an orthonormal basis under an invertible operator is a frame known as a Riesz

basis.Formally, a frame in a separable Hilbert space H is a countable family {uk}
of vectors admitting some positive constants α and β to satisfy the inequalities

α∥x∥2 ≤
∑

k |⟨x, uk⟩|2 ≤ β∥x∥2 for every x ∈ H.

The frame operator of a frame {uk} in a Hilbert space H is the bounded linear,

positive, invertible operator S defined by Sx =
∑

k⟨x, uk⟩uk, x ∈ H, where the

series converges unconditionally in H. For a given frame {uk}, its image {S−1(uk)}
under S−1 is also a frame in H, known as the canonical dual frame of {uk}.

A set of functions in L2(R) of the form {DakTmbψ : k,m ∈ Z} formed by dilates

and translates of a ψ ∈ L2(R), where a > 1, b > 0 is called a Wavelet system. If a

wavelet system becomes a frame, it is called a wavelet frame. Here the function ψ

is known as the generator of the frame.

One of the main problem with the wavelet frame operator is that it need not

commute with the involved translation operators Tmb of the wavelet frame concerned,

so that the canonical dual frame need not have the wavelet frame structure (see [1],

[4]).

More preliminary details on the topic of discussion of this article can be found in

[1], [2], [8] and [9].

3. Wavelet Amenable frames

Let H be a separable Hilbert space and A : L2(R) 7→ H be an invertible bounded

linear transformation. Then A maps every wavelet frame W = {DakTmbψ : k,m ∈
Z} from L2(R) to a frame A(W) in H. In fact, the image of a frame under every

surjective bounded linear transformation between two separable Hilbert spaces is

again a frame (see [10]). The image frame A(W) has an interesting structure in H
whenever A : L2(R) 7→ H is invertible. We consider the map A to be invertible rather

than unitary since non unitary approaches are also significant in many contexts like

quantum field theory (see [11]). To observe and analyse this, we need the following

notations and definition:
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Given two invertible bounded linear transformations A,B : L2(R) 7→ H and

k,m ∈ Z, let DA
ak

= ADakA
−1 and TB

mb = BTmbB
−1. Then DA

ak
= (DA

a )
k and

TB
mb = (TB

b )m for all k,m ∈ Z.

Definition 3.1. Let K and H be separable Hilbert spaces over C, K ∈ B(K) and

H ∈ B(H). An operator Ψ ∈ B(K,H) is said to be intertwining K and H locally at

some ψ ∈ K if Ψ(Kψ) = H(Ψψ).

In the case when K = H, Ψ ∈ B(H) is said to be commuting with H locally at

some ψ ∈ H if Ψ(Hψ) = H(Ψψ) (see [7]).

Proposition 3.2. Let H be a separable Hilbert space, A,B : L2(R) 7→ H be two

invertible bounded linear maps and W = {DakTmbψ : k,m ∈ Z} be a wavelet system

in L2(R). Then A(W) = {DA
ak
TB
mb(A(ψ)) : k,m ∈ Z} if and only if A−1B commutes

locally with the family {Tmb}m∈Z at B−1(A(ψ)).

Proof. For a wavelet system W = {DakTmbψ : k,m ∈ Z} in L2(R), we have

A(W) = A({DakTmbψ : k,m ∈ Z}) = {ADakTmbψ : k,m ∈ Z}
= {ADakTmbA

−1h : k,m ∈ Z} where A(ψ) = h ∈ H.

Hence A(W) = {ADakTmbA
−1BB−1h : k,m ∈ Z}

= {ADakA
−1BTmbB

−1h : k,m ∈ Z} if A−1B commutes locally with

the family {Tmb}m∈Z at B−1h = B−1A(ψ).

Thus A(W) = {DA
ak
TB
mbh : k,m ∈ Z} in this case.

Conversely, if A(W) = {DA
ak
TB
mbh : k,m ∈ Z}, then for all k,m ∈ Z,

ADakTmbψ = DA
ak
TB
mbh = ADakA

−1BTmbB
−1h

Since A(ψ) = h, this gives ADakTmbA
−1h = ADakA

−1BTmbB
−1h.

Then TmbA
−1h = A−1BTmbB

−1h since ADak is invertible.

Hence TmbA
−1BB−1h = A−1BTmbB

−1h for all m ∈ Z, as required. □

In the proof above, the presence of the operator A−1B between the operators

Dak and Tmb is very delicate in the aspects of wavelets in L2(R), as discussed in [6].

We proceed with the following definition.

Definition 3.3. A wavelet amenable frame in a separable Hilbert space H is a frame

of the form {DA
ak
TB
mbh : k,m ∈ Z} = {(DA

a )
k(TB

b )mh : k,m ∈ Z} where a > 1, b > 0

and A,B : L2(R) 7→ H are invertible bounded linear maps.
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Proposition 3.4. Every separable Hilbert space contains wavelet amenable frames.

Proof. For every pair (a, b), a > 1, b > 0, of frame parameters, there is always a

wavelet orthonormal basis W0 = {DakTmbψ0}k,m∈Z in L2(R) (see [3]). For the same

pair (a, b), by Theorem.4 in [5], there are over complete non-tight wavelet frames,

all with canonical duals of the same wavelet frame structure. The frame operator S

of such a frame is invertible, non unitary and commutes with Dak and Tmb for all

k,m ∈ Z.
Let H be a separable Hilbert space. Choose an orthonormal basis of the form

{ek,m : k,m ∈ Z} in H. Define U(f) =
∑

k,m∈Z
⟨f,DakTmbψ0⟩ek,m for all f ∈ L2(R).

Then U : L2(R) 7→ H is unitary. Let A = US and B = US−1. Then A,B : L2(R) 7→
H are invertible, (but non unitary).

Since A−1B = (S−1)2, it commutes with Tmb for all m ∈ Z. Thus, by Proposition

3.2, A(W0) = {DA
ak
TB
mbA(ψ0) : k,m ∈ Z}. and this image is a frame since A is

surjective. Hence {DA
ak
TB
mbA(ψ0) : k,m ∈ Z} is a wavelet amenable frame in H. In

fact, it is a wavelet amenable Riesz basis in H. □

At the end of this section, we provide a necessary and sufficient condition for

a wavelet amenable frame to have the wavelet amenable frame structure for its

canonical dual frame.

Analogous to the characterisation of the wavelet frame operator appeared in [7],

a characterisation of the frame operators of wavelet amenable frames is presented

now.

Theorem 3.5. An operator S ∈ B(H) becomes the frame operator of a frame

{DA
ak
TB
mbh}k,m∈Z in H if and only if S = ΨΨ∗ where Ψ ∈ B(H) is surjective and ΨU :

L2(R) 7→ H intertwines locally the families {DakTmb}k,m∈Z and {DA
ak
TB
mb}k,m∈Z at

the generator of every wavelet basis {DakTmbψ0}k,m∈Z for every unitary transforma-

tion U : L2(R) 7→ H.

Proof. Let SA,B be the frame operator of a frame {DA
ak
TB
mbh}k,m∈Z in H. If W0 =

{DakTmbψ0}k,m∈Z is a wavelet orthonormal basis in L2(R) with the same frame

parameters a > 1, b > 0, then for any unitary transformation U : L2(R) 7→ H,

U(W0) is an orthonormal basis for H. Let h0 = U(ψ0).

Define Ψ(x) =
∑

k,m∈Z
⟨x, UDakTmbψ0⟩DA

ak
TB
mbh for all x ∈ H.

Then Ψ ∈ B(H) maps U(W0) to the frame {DA
ak
TB
mbh}k,m∈Z.
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Since Ψ(UDakTmbψ0) = DA
ak
TB
mbh for all k,m ∈ Z we obtain Ψ(h0) = h and

Ψ(UDakTmbψ0) = DA
ak
TB
mbΨ(h0) for all k,m ∈ Z. Hence for all k,m ∈ Z, (ΨU)Dak

Tmbψ0 = DA
ak
TB
mb(ΨU)(ψ0)).

Thus the operator ΨU : L2(R) 7→ H intertwines locally the families {DakTmb}k,m∈Z

and {DA
ak
TB
mb}k,m∈Z at ψ0.

Now

ΨΨ∗(x) =
∑

k,m∈Z
⟨Ψ∗(x), UDakTmbψ0⟩DA

ak
TB
mbh

=
∑

k,m∈Z
⟨x,ΨUDakTmbψ0⟩DA

ak
TB
mbh

=
∑

k,m∈Z
⟨x,DA

ak
TB
mbh⟩DA

ak
TB
mbh

= SA,B(x) for all x ∈ H.

Since SA,B is invertible, for each h ∈ H, there is h′ ∈ H with SA,B(h
′) = h. Hence

ΨΨ∗(h′) = h so that Ψ(x) = h where x = Ψ∗(h′). Thus Ψ is surjective.

Conversely, assume that Ψ ∈ B(H) is surjective and ΨU intertwines the families

{DakTmb}k,m∈Z and {DA
ak
TB
mb}k,m∈Z locally at the generator ψ0 of a wavelet basis

{DakTmbψ0}k,m∈Z where U : L2(R) 7→ H is a unitary map.

Then ΨU({DakTmbψ0}k,m∈Z) = DA
ak
TB
mb(ΨU)(ψ0)) is a frame in H since ΨU is

surjective and {DakTmbψ0}k,m∈Z is an orthonormal basis. The frame operator of

this frame is ΨU(ΨU)∗ = ΨUU∗Ψ∗ = ΨΨ∗. □

LetA,B : L2(R) 7→ H be two invertible bounded linear maps. Then (A∗)−1, (B∗)−1 :

L2(R) 7→ H are also invertible bounded linear maps. Let (A∗)−1 = C and (B∗)−1 =

D. Then a given wavelet frame {DakTmbψ}k,m∈Z yields two wavelet amenable frames

{DA
ak
TB
mbh1}k,m∈Z and {DC

ak
TD
mbh2}k,m∈Z respectively in H. If {DakTmbψ}k,m∈Z is a

wavelet basis, these frames are dual frames to each other.

Theorem 3.6. Let A,B,C,D : L2(R) 7→ H be invertible bounded linear maps. Then

the frames {DA
ak
TB
mbh1}k,m∈Z and {DC

ak
TD
mbh2}k,m∈Z are dual frames to each other

if and only if ASC∗ = IH(= CSA∗), where S is the frame operator of the wavelet

frame {DakTmbψ}k,m∈Z in L2(R).

Proof. Let S be the frame operator of the wavelet frame {DakTmbψ}k,m∈Z in L2(R).
Then for all x ∈ H,
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∑
k,m∈Z

⟨x,DC
ak
TD
mbh2⟩DA

ak
TB
mbh1

=
∑

k,m∈Z
⟨x,C(DakTmbψ)⟩A(DakTmbψ)

= A(
∑

k,m∈Z
⟨C∗(x), DakTmbψ⟩DakTmbψ)

= ASC∗(x),

= x if and only if ASC∗ = IH.

Similarly,
∑

k,m∈Z
⟨x,DA

ak
TB
mbh1⟩DC

ak
TD
mbh2 = x for all x ∈ H if and only if CSA∗ =

IH. □

Corollary 3.7. Let A,B : L2(R) 7→ H be two invertible bounded linear maps. Let

C = (A∗)−1 and D = (B∗)−1. If {DakTmbψ}k,m∈Z is an orthonormal basis in

L2(R), then the frames {DA
ak
TB
mbh1}k,m∈Z and {DC

ak
TD
mbh2}k,m∈Z are dual frames to

each other.

Proof. If {DakTmbψ}k,m∈Z is an orthonormal basis in L2(R), then S = I so that the

claim follows from Theorem 3.6 above. □

Theorem 3.8. The canonical dual frame of a frame {DA
ak
TB
mbh1}k,m∈Z in H will be

of the form {DC
ak
TD
mbh2}k,m∈Z where C = (A∗)−1, D = S−1

A,BB and S−1
A,Bh1 = h2.

Proof. Let A,B : L2(R) 7→ H be two invertible bounded linear maps and SA,B be

the frame operator of the frame {DA
ak
TB
mbh1}k,m∈Z in H. Then

SA,B(D
A
al
)∗(x) =

∑
k,m∈Z

⟨(DA
al
)∗(x), DA

ak
TB
mbh1⟩DA

ak
TB
mbh1

=
∑

k,m∈Z
⟨x,DA

al
DA

ak
TB
mbh1⟩DA

ak
TB
mbh1

=
∑

k,m∈Z
⟨x,DA

ak+lT
B
mbh1⟩DA

ak
TB
mbh1

=
∑

j,m∈Z
⟨x,DA

aj
TB
mbh1⟩DA

aj−lT
B
mbh1

= DA
a−l(

∑
j,m∈Z

⟨x,DA
aj
TB
mbh1⟩DA

aj
TB
mbh1)

= DA
a−lSA,B(x) for all x ∈ H.

Thus SA,B(D
A
al
)∗ = DA

a−lSA,B or SA,B(D
A
a−l)

∗ = DA
al
SA,B and hence the frame op-

erator SA,B of the frame {DA
ak
TB
mbh1}k,m∈Z intertwines the operators DA

a−l with

(DA
al
)∗, l ∈ Z. However, SA,B need not have this property in terms of the operators

TB
mb,m ∈ Z.
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Since SA,B(D
A
a−l)

∗ = DA
al
SA,B ⇒ S−1

A,BD
A
al

= (DA
a−l)

∗S−1
A,B for all l ∈ Z, the

canonical dual frame of the frame {DA
ak
TB
mbh1}k,m∈Z is given by

S−1
A,B({DA

ak
TB
mbh1}k,m∈Z)

= S−1
A,B({DA

ak
BTmbB

−1h1}k,m∈Z)

= {S−1
A,BD

A
ak
BTmbB

−1SA,B S−1
A,Bh1}k,m∈Z

= {(DA
a−k)

∗(S−1
A,BBTmb(S

−1
A,BB)−1)(S−1

A,Bh1)}k,m∈Z

= {(DA
a−k)

∗T
S−1
A,BB

mb S−1
A,Bh1}k,m∈Z

= {(DA
a−k)

∗TD
mbh2}k,m∈Z, where D = S−1

A,BB and S−1
A,Bh1 = h2

= {(ADa−kA−1)∗TD
mbh2}k,m∈Z

= {(A−1)∗DakA
∗TD

mbh2}k,m∈Z

= {DC
ak
TD
mbh2}k,m∈Z where C = (A∗)−1. □

Corollary 3.9. The canonical dual frame of a frame {DA
ak
TB
mbh1}k,m∈Z in H will

be of the form {(DA
a−k)

∗TB
mbh2}k,m∈Z if and only if S−1

A,B commutes locally with TB
mb

for all m ∈ Z at h1 ∈ H.

Proof. By Theorem 3.8, the canonical dual frame of the frame {DA
ak
TB
mbh1}k,m∈Z

will be {(DA
a−k)

∗TC
mbh2}k,m∈Z, where C = S−1

A,BB and S−1
A,Bh1 = h2. Hence

S−1
A,B({DA

ak
TB
mbh1}k,m∈Z) = {(DA

a−k)
∗(S−1

A,BB)Tmb(S
−1
A,BB)−1)S−1

A,Bh1}k,m∈Z

so that

S−1
A,B({DA

ak
TB
mbh1}k,m∈Z) = {(DA

a−k)
∗BTmbB

−1S−1
A,Bh1}k,m∈Z

= {(DA
a−k)

∗TB
mbS

−1
A,Bh1}k,m∈Z

if and only if S−1
A,B commutes locally with TB

mb for all m ∈ Z at h1 ∈ H. □
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